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94P

1.� ' a0 + a1x + a2x
2 + · · ·+ a2nx

2n = (x + 2x2 + ... + nxn)2 . . . . . . . . . (1)

OJ : an+1 + an+2 + · · ·+ a2n = n(n+1)(5n2+5n+2)
24

(1990O O«�ó.­�Þ)

J� ´�, @�;ó ak, �ãf´(1)ÝË\ k g4Ý;ó, �ÿ :
ak = 1 · (k − 1) + 2 · (k − 2) + 3(k − 3) + ... + (k − 2)[k − (k − 2)]

� + (k − 1)[k − (k − 1)]

= [1 + 2 + 3 + ... + (k − 1)]k − [12 + 22 + 32 + ...(k − 1)2]

=
(k − 1) · k

2
· k − (k − 1)k(2k − 1)

6
=

(k + 1)k(k − 1)

6
= Ck+1

3

∴ a0 + a1 + a2 + a3 + a4 + ·+ an

� = 0 + 0 + C3
3 + C4

3 + C5
3 + ·+ Cn+1

3 = Cn+2
4

#½, 3(1)�, � x = 1, ÿ :

(a0 + a1 + a2 + ·+ an) + (an+1 + an+2 + ·+ a2n)

= (1 + 2 + 3 + ... + n)2 = [n(n+1)
2

]2

Æ, an+1 + an+2 + ·+ a2n = (a0 + a1 + ·+ a2n)− (a0 + a1 + ·+ an)

= [n(n+1)
2

]2 − (n+2)(n+1)n(n−1)
4!

= n(n+1)(5n2+5n+2)
24

�

2.� �ábJ;ó a0, a1, a2, . . . , an−1 Ý94P F (x) = xn + an−1x
n−1 +

· · · + a1x + a0 vD3°Í�!ÝJó a, b, c, d ¸ÿ F (a) = F (b) =

F (c) = F (d) = 5

2
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OJ : �D3Jó k ,�� F (k) = 8

(1970O�J��.ßó.­�Þ)

�� µÞ�, � G(x) = F (x)− 5, á G(x) b°Í�!ÝJóq a, b, c, d

ã.P�§, �B G(x) = (x− a)(x− b)(x− c)(x− d)H(x) Í� H(x)


J;ó94P

��D3Jó k �� F (k) = 8

£� G(k) = F (k)− 5 = 8− 5 = 3

Ç (k − a)k − b)(k − c)(k − d)H(k) = 3

9��°Í!�8!ÝJó k− a, k− b, k − c, k − d ��9b×Í�

�y ±3, �ÍõëÍÄ�
 ±1

.h, Í�bËÍ8�, 9��áë;�

Æ, 9øÝ k Î�D3Ý��

3.� J�3JóÝPMó� : 10001, 100010001, 1000100010001, · · · �, ^

b²ó�

(1979O z»w�<±­�Þ)

�� 9ó�Ý4�¶W : 1+104, 1+104 +108, · · · , 1+104 + · · ·+104n, · · · ,
Í� n = 1, 2, 3, . . . , k, . . .

?×�;,�|�Êó� : 1+x4, 1+x4 +x8, · · · , 1+x4 + · · ·+x4n, · · · ,
Í�, x ∈ N x > 1

(1) u n Î�ó, ' n = 2m + 1,m ∈ N

J 1 + x4 + x8 + x12 + · · ·+ x4(2m) + x4(2m+1)

� = (1 + x4) + x8(1 + x4) + · · ·+ x8m(1 + x4)

� = (1 + x4)(1 + x8 + · · ·+ x8m)

.h, 9ó
)ó

Ey, m = 0, x = 10 `, ãy 1 + 104·1 = 10001 = 73× 137, .h

, 9óôÎ)ó



4 Ï 1 a 94P

(2) u n Î�ó, ' n = 2m,m ∈ N

J 1 + x4 + x8 + x4(2m−1) + x4(2m)

� = 1−(x4)2m+1

1−x4 = 1−(x2m+1)4

1−x4 = 1−(x2m+1)2

1−x2 · 1+(x2m+1)2

1+x2

= 1−(x2)2m+1

1−x2 · 1+(x2)2m+1

1+x2

� = [1 + x2 + · · ·+ (x2)2m][1− x2 + ... + (x2)2m]

.h, 9ó
)ó

Á)(1)(2)��, 9ó��^b²ó�

4.� ' k ∈ N , O×6@;ó94P P (x), ¸Í�� P (P (x)) = [P (x)]k

(1975O ÏÚ'�J�ó.­�Þ)

�� ' deg P (x) = n J deg P (P (x)) = n2, deg[P (x)]k = nk

yÎ, n2 = nk ⇒ n(n− k) = 0 ⇒ n = 0 T n = k 6= 0

.h, Tï n = 0 � P (x) 
ðó; Tï n = k 6= 0 � P (x) �Îðó

(1) A� P (x) = c (ðó) Jb c = ck

a. 	 k Î�ó`, c = 0 T c = 1

b. 	 k Î�ó`, c = 0 T c = ±1

(2) A� P (x) �Îðó, v n = k 6= 0, P (x) = anxn + an−1x
n−1 +

· · ·+ a1x + a0

£�,ak 6= 0 v ak(akx
k + ak−1x

k−1 + · · ·+ a1x + a0)
k

+ ak−1(akx
k + ak−1x

k−1 + · · ·+ a1x + a0)
k−1

+ · · ·
+ a1(akx

k + ak−1x
k−1 + · · ·+ a1x + a0)

+ a0

=(akx
k + ak−1x

k−1 + · · ·+ a1x + a0)
k

f´Ë\´4, � xk2
Ý;óÿ ak+1

k = ak
k ⇒ ak = 1
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yÎ, ak−1(akx
k + ... + a0)

k−1 + ... + a1(akx
k + ... + a0) + a0 = 0

µ��DË\´4, µgÿ 0 = ak−1 = ak−2 = · · · = a1 = a0

X| P (x) = xk

�

5.� OXbÝÑJó m �n

¸ 1 + xn + x2n + ... + xmn � 1 + x + x2 + ... + xm Jt

(1977O Y»ó.­��Þ)

�� ∵ f(x) = 1 + xn + x2n + ... + xmn = (xn)m+1−1
xn−1

= x(m+1)n−1
xn−1

g(x) = 1 + x + x2 + · · ·+ xm = xm+1−1
x−1

∴f(x)
g(x)

= x(m+1)n−1
xn−1

· x−1
xm+1−1

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (∗)
∵EyXbÑJóm� n��, xm+1−1� xn−1K�Jt x(m+1)n−1

v x(m+1)n − 1 Ý.PK�8!(P¥.P)

∴©� x(m+1) − 1 � xn − 1 ^b x − 1 |²Ý2.P, Ç�¸ÿ (*)

W
94P

Æ��f�Î¸ m+1� n!²ÝXbÑJó m� n/
XO.�

6.� ' P (x), Q(x), R(x) C S(x) KÎ94P, v�� :

P (x5) + xQ(x5) + x2R(x5) = (x4 + x3 + x2 + x + 1)S(x)

OJ : x− 1 Î P (x) Ý×Í.�

(1976O Y»ó.­��Þ)

�� ∵ x5 − 1 = (x− 1)(x4 + x3 + x2 + x + 1) ∴ � w = cos 2π
5

+ i sin 2π
5
J

wk(k = 1, 2, 3, 4)Î x4 + x3 + x2 + x + 1 = 0 Ýq, vw5 = 1

∵ P (x5) + xQ(x5) + x2R(x5) = (x4 + x3 + x2 + x + 1)S(x)

∴ ã x = wk (k = 1, 2, 3, 4) �áîP, ÿ

� P (1) + wkQ(1) + w2kR(1) = 0 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (1)

Ç P (1) + wQ(1) + w2R(1) = 0

� P (1) + w2Q(1) + w4R(1) = 0
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� P (1) + w3Q(1) + w6R(1) = 0

� P (1) + w4Q(1) + w8R(1) = 0

∴ 4P (1) + (w + w2 + w3 + w4)Q(1) + (w2 + w4 + w6 + w8)R(1) = 0

∴ 4P (1)−Q(1)−R(1) = 0 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (2)

(1)× wk, ÿ wkP (1) + w2kQ(1) + w3kR(1) = 0(k = 1, 2, 3, 4)

!§, �ÿ −P (1)−Q(1)−R(1) = 0 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (3)

(2)− (3) ÿ 5P (1) = 0 ∴ P (1) = 0, Ç x− 1 Î P (x) Ý×Í.�

7.� A�J;ó]� ax2 + bx + c = 0(a 6= 0) bb§q

OJ : a, b, c ��Kb×ÍÎ�ó

(1958 1959O ®
ó.­��Þ)

�� ´�, &Æ�qÝ�ð :

3]� ax2 + bx + c = 0 · · · · · · (1) �, a, b, c ∈ Z v a 6= 0

� x = y
a
, ÿ a(y

a
)2 + b(y

a
) + c = 0 ⇒ y2 + by + ac = 0 . . . . . . . . . . . . . (2)

ãq�;óÝn;, á(2)ÝËq y1, y2 b : y1 + y2 = −b, y1y2 = ac ∴
abc = −y1y2(y1 + y2) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (3)

∵ A� x Îb§ó, £�ó y = ax ôÎb§ó

∴ (2) � (1)×ø, ôbb§q

∵ A�t{4;ó
 1 ÝJ;ó]�bb§q, £�9ÍqÄ
Jó

∴ (2) bJó« y1, y2

∵ ó y1, y2, y1 + y2 ��Kb×ÍÎ�ó

∴ ã (3) á, ¶� abc Î�ó, ãh�áó a, b, c ��Kb×ÍÎ�ó

�

8.� 'J;ó94P f(x) = anxn + an−1x
n−1 + · · ·+ a1x + a0

f(0) � f(1) 
�ó

OJ : f(x) ^bJóq

(1941O �úIó.­�Þ)

J� �� f(x0) = 0, x0 ∈ Z
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(1) A� x0 Î�ó,

J f(x0)− f(0) = (anx0
n + · · ·+ a1x0 + a0)− a0

0− f(0) = anx0
n + · · ·+ a1x0

f(0) = −(anx0
n + · · ·+ a1x0)ù
�ó, 9��áë;

(2) A� x0 Î�ó,

J f(x0)− f(1) = (anx0
n + · · ·+ a1x0 + a0)− (an + · · ·+ a1 + a0)

0− f(1) = an(x0
n − 1) + · · ·+ a1(x0 − 1)

f(1) = −[an(x0
n − 1) + · · ·+ a1(x0 − 1)]ù
�ó, 9��áë;

á) (1)(2) á f(x) ^bJóq�

9.� 'bËÍny x ÝJ;ó94P

¸ÆÝ¶�Î×Í�;ó94P, ¬�ÎNÍ;óK�� 4Jt

OJ : 9ËÍJ;ó94P�, b×Í94PÝ;ó�Î�ó, �¨×

Í94P��Kb×Í;ó
�ó

(1939O �úIó.­��Þ)

�� ' f(x), g(x) ∈ Z[x], v f(x)g(x) Î�;ó94P, ¬�ÎXb;ó

KÎ 4 Ý¹ó

(1) �� f(x) õ g(x) Ý;ó�Kb�ó

à f1(x) õ g1(x) 5½�îã f(x) õ g(x) �Xb;ó
�óÝ

�4àWÝ94PJ f(x) ≡ f1(x)(mod2), g(x) ≡ g1(x)(mod2)

∴ f(x)g(x) ≡ f1(x)g1(x) ≡ 0

9��� : f1(x)g1(x)ÝXb;óí
�ó

¬Î, ã�'�á : f1(x)g1(x) Ýt{g4;óÄ
�ó, ë;

Æ, f(x) õ g(x) ��Kb×ÍÝ;ó�
�ó
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(2) �� f(x) õ g(x) Ý;óK
�ó

ã94P¶°�á f(x)g(x) ≡ 0(mod4)

Ç f(x)g(x) ÝXb;óKÎ 4 Ý¹ó, 9��áë;

á)(1)(2)ÿ�, f(x) � g(x) �b×ÍÝ;ó�Î�ó, ¨×ÍÝ;

ó�Kb×Í;óÎ�ó�

10.� �¼�, A�]�P x3 + ax2 + bx + c = 0 bëÍW�-ó�Ý@q

@ó a, b, c T��%�øÝ��f�?

(1951 1952O ®
ó.­�Þ)

�� ']�P x3 + ax2 + bx + c = 0 Ýëq
 x1, x2, x3

ãq�;óÝn;, b x1 + x2 + x3 = −a · · · (1)

x1x2 + x1x3 + x2x3 = b · · · (2)
	vG	 x1, x2, x3 W�-ó�, J x1 + x3 = 2x2 . . . . . . . . . . . . . . . . (3)

. (3) �á (1), ÿ 3x2 = −a, ∴ x2 = −a
3
, ê ∵ a ∈ R ∴ x2 = −a

3
∈ R

. x2 = −a
3
�áæ]�Pÿ (−a

3
)3 + a(−a

3
)2 + b(−a

3
) + c = 0 ⇒

2a3 − 9ab + 27c = 0. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (4)

¨3, &Æ�Oÿ@ó a, b, c �� (4), æ]�Pb@óq x2 = −a
3

#½, &Æ�ÿO�æ]�PÝ¨Þq x1, x3 Î@óÝ��f� :

ã (3) b x1 + x3 = 2x2 = 2(−a
3
) = −2

3
a . . . . . . . . . . . . . . . . . . . . . . . . . . (5)

ã (2) b x1x3 = b− x2(x1 + x3) = b− 2x2
2 = b− 2(−a

3
)2 = b− 2

9
a2(6)

��, x1, x3 Î]�P x2 + 2
3
ax + b− 2

9
a2 = 0 ÝËq

h]�Pb@qÝ��f�
 ∆ = (2
3
a)2−4(b− 2

9
a2) ≥ 0 ⇒ a2−3b ≥

0 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (7)

Æ, æ]�PÌbëÍW�-ó�@qÝ��f�Î (4) C (7) Ç

2a3 − 9ab + 27 = 0 C a2 − 3b ≥ 0�

11.� ' x1 � x2 
]�P x2 − (a + d)x + (ad− bc) = 0 Ýq

OJ : x1
3 � x2

3 
]�P y2− (a3 +d3 +3abc+3bcd)y+(ad−bc)3 = 0

Ýq
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(1899O �o¿­�Þ)

�� ∵ x1, x2 
 x2 − (a + d)x + (ad− bc) = 0 Ýq

ãq�;óÝn;

∴ x1 + x2 = a + d, x1x2 = ad− bc
∵ x1

3 + x2
3 = (x1 + x2)

3 − 3x1x2(x1 + x2)

= (a + d)3 − 3(ad− bc)(a + d)

= (a + d)[(a + d)2 − 3(ad− bc)]

= (a + d)(a2 + 2ad + d2 − 3ad + 3bc)

= (a + d)(a2 − ad + d2 + 3bc)

= a3 + d3 + 3abc + 3bcd

x1
3x2

3 = (x1x2)
3 = (ad− bc)3

∴ y2 − (a3 + d3 + 3abc + 3bcd)y + (ad− bc)3 = 0

!Ly y2 − (x1
3 + x2

3)y + x1
3x2

3 = 0 ⇔ (y − x1
3)(y − x2

3) = 0

�� x1
3 � x2

3 
]�P y2− (a3 +d3 +3abc+3bcd)y +(ad− bc)3 = 0

Ýq�

12.� '°g]� x4 − 18x3 + kx2 + 200x− 1984 = 0 Ý°Íq�, bËÍq

Ý¶�
 −32

O k

(1984O Y»ó.­�Þ)

�� ']�PÝ°ÍqÎ x1, x2, x3, x4 µq�;óÝn;, b

x1 + x2 + x3 + x4 = 18 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (1)

x1x2 + x1x3 + x1x4 + x2x3 + x2x4 + x3x4 = k . . . . . . . . . . . . . . . . . . . . . .(2)

x1x2x3 + x1x2x4 + x1x3x4 + x2x3x4 = −200 . . . . . . . . . . . . . . . . . . . . . . . (3)

x1x2x3x4 = −1984 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (4)

µÞ�, �÷' x1x2 = −32 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (5)

ã (4) ÿ x3x4 = −1984
−32

= 62. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .(6)
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.(5)(6)�á(3) x1x2(x3 + x4) + (x1 + x2)x3x4 = −200

− 32(x3 + x4) + 62(x1 + x2) = −200

ÿ 31(x1 + x2)− 16(x3 + x4) = −100(7)

� (1) � (7) ÿ

{
x1 + x2 = 4
x3 + x4 = 14

ã (2), b k = x1x2 + x3x4 + (x1 + x2)(x3 + x4)

Æ ,k = −32 + 62 + 4 ∗ 14 = 86
�

13.� �

�á
x2

22 − 12
+

y2

22 − 32
+

z2

22 − 52
+

w2

22 − 72
= 1

x2

42 − 12
+

y2

42 − 32
+

z2

42 − 52
+

w2

42 − 72
= 1

x2

62 − 12
+

y2

62 − 32
+

z2

62 − 52
+

w2

62 − 72
= 1

x2

82 − 12
+

y2

82 − 32
+

z2

82 − 52
+

w2

82 − 72
= 1

O x2 + y2 + z2 + w2 ÝÂ

(1984O Y»ó.���Þ)

�� x, y, z, w �����Ý]�à��y

t = 4, 16, 36, 46 ��]� x2

t−1
+ y2

t−9
+ z2

t−25
+ w2

t−49
= 1. . . . . . . . . . . . . .(1)

	 t 6= 1, 9, 25, 49 `, �5Ò,
(1) ��y (t− 1)(t− 9)(t− 25)(t− 49)

− x2(t− 9)(t− 25)(t− 49)

− y2(t− 1)(t− 25)(t− 49)

− z2(t− 1)(t− 9)(t− 49)

− w2(t− 1)(t− 9)(t− 25) = 0(2)
.h, (2) Îny t Ý°g]�, ¸Ý�I]q
 4, 16, 36, 64 ¸ê�

�y(t− 4)(t− 16)(t− 36)(t− 64) = 0 . . . . . . . . . . . . . . . . . . . . . . . . . . . . (3)

∵ (2)(3) 
!�]�, v t4 Ý;óKÎ 1

∴ Íõ&!g4Ý;óôT8�, f´ t3 4Ý;ó, Çÿ:
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−1− 9− 25− 49− x2 − y2 − z2 − w2 = −4− 16− 36− 64

Æ, x2 + y2 + z2 + w2 = 36�

14.� ' a � b í
@ó, v 2a2 < 5b

OJ: ]� x5 + ax4 + bx3 + cx2 + dx + e = 0 Ýq���KÎ@ó

(1983O Y»ó.­�Þ)

�� : (àDJ°)

��]�Ý"Íq x1, x2, x3, x4, x5 �Î@ó

ãq�;óÝn;, �á:

x1 + x2 + x3 + x4 + x5 = −a

x1x2 +x1x3 +x1x4 +x1x5 +x2x3 +x2x4 +x2x5 +x3x4 +x3x5 +x4x5 = b

∵ 2a2 < 5b
∴ 2(x1 + x2 + x3 + x4 + x5)

2 < 5(x1x2 + x1x3 + x1x4 + · · ·+ x4x5)

2(x1
2 + x2

2 + x3
2 + x4

2 + x5
2) < x1x2 + x1x3 + x1x4 + · · ·+ x4x5 · · · (1)

¨×]«: x1
2 + x2

2 ≥ 2|x1x2| ≥ 2x1x2

x1
2 + x3

2 ≥ 2x1x3

x1
2 + x4

2 ≥ 2x1x4

x1
2 + x5

2 ≥ 2x1x5

x2
2 + x3

2 ≥ 2x2x3

· · · · · · x4
2 + x5

2 ≥ 2x4x5

á�, ÿ4(x1
2 + x2

2 + x3
2 + x4

2 + x5
2) ≥ 2(x1x2 + x1x3 + x1x4 + · · ·+ x4x5)

2(x1
2 + x2

2 + x3
2 + x4

2 + x5
2) ≥ x1x2 + x1x3 + x1x4 + · · ·+ x4x5 · · · (2)

¬Î, (1) � (2) �Q�8ë;

Æ, x1, x2, x3, x4, x5 ���KÎ@ó�

15.� OJ: @;óÝ94P]� P (x) = anx
n +an−1x

n−1 + · · ·+a3x
3 +x2 +

x + 1 = 0 ����Î@óq

(Murray Klamkin, Crux Mathematicorum, Vol.5, No.9, November 1979,

P259)
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J� ' r1, r2, . . . , rn 
 P (x) = 0 Ýq, J r1, r2, . . . , rn K�Î 0

3 P (x) = 0 ÝË\!t| xn, ¬� y = 1
x
ÿ

Q(y) = yn + yn−1 + yn−2 + a3y
n−3 + · · ·+ an−1y + an = 0

¥�, 	vG	 1
r
Î Q(y) = 0 Ýq`, r Î P (x) = 0 Ýq

.h, Q(y) = 0 ÝqÎ S1, S2, . . . , Sn Í� Si = 1
ri

, i = 1, 2, . . . , n

ãq�;óÝn;, á
∑n

i=1 Si = −1,
∑

1≤i<j≤n SiSj = 1

yÎ,
∑n

i=1 Si
2 = (

∑n
i=1 Si)

2−2
∑

1≤i<j≤n SiSj = (−1)2−2·1 = −1 < 0

îP1�: �Î�� Si KÎ@ó, ôµÎ1, �Î�� ri KÎ@ó

.�

/ê�
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1.� �O��ì�Ðñ��PÝ@ó� (x1, x2, . . . , x1995)



√
xn + 83

√
xn+2 ≥ 84

√
xn+1, n = 1, 2, 3, . . . , 1993√

x1994 + 83
√

x1 ≥ 84
√

x1995√
x1995 + 83

√
x2 ≥ 84

√
x1

�� �
√

xn = an, n = 1, 2, 3, . . . , 1995;

æÐñ��P��y

(ä)





ak + 83ak+2 ≥ 84ak+1, k = 1, 2, 3, . . . , 1993
a1994 + 83a1 ≥ 84a1995

a1995 + 83a2 ≥ 84a1

Çÿ

(Ø)





ak − ak+1 ≥ 83(ak+1 − ak+2), k = 1, 2, . . . , 1993
a1994 − a1995 ≥ 83(a1995 − a1)
a1995 − a1 ≥ 83(a1 − a2)

(1) 	 a1 = a2 = · · · = a1995 `, �á (ä) P�,

à#l�ÿá��Ðñ��P,

Ç x1 = x2 = · · · = x1995 ���@óí
X�Ý�

(2) �J°×�

Ç x1 = x2 = x3 = · · · = x1995 �²

æÐñ��P�PÍ��

�J a1 = a2

13
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< 1 > u a1 > a2 Jã (Ø) P.ÿ

a1995 > a1, a1994 > a1995, · · · , a1 > a2,

X| a1 > a2 > a3 > · · · > a1995 > a1 ë;

< 2 > u a1 < a2 Jã (Ø) P.ÿ

a1 < a2, a2 < a3, · · · , a1994 < a1995, a1995 < a1,

X| a1 < a2 < a3 < · · · < a1995 < a1 ë;

2.� �á a, b, c 
Ñ@ó, OJ
a

b+c
+ b

c+a
+ c

a+b
≥ 3

2

J� ∵ [(b + c) + (c + a) + (a + b)][ 1
b+c

+ 1
c+a

+ 1
a+b

] ≥ (1 + 1 + 1)2 = 9

∴ (a + b + c)( 1
b+c

+ 1
c+a

+ 1
a+b

) ≥ 9
2

Ç a+b+c
b+c

+ a+b+c
c+a

+ a+b+c
a+b

≥ 9
2

⇒ (1 + a
b+c

) + (1 + b
c+a

) + (1 + c
a+b

) ≥ 9
2

⇒ a
b+c

+ b
c+a

+ c
a+b

≥ 3
2

<Û>: 9Í��P�.Â


' xi > 0, i = 1, 2, 3, . . . , n v� S = x1 + x2 + ·+ xn

J x1

S−x1
+ x2

S−x2
+ x3

S−x3
+ · · ·+ xn

S−xn
≥ n

n−1

�rWñ�f�
 x1 = x2 = x3 = · · · = xn

J� x1

S−x1
+ x2

S−x2
+ · · ·+ xn

S−xn

= S−(S−x1)
S−x1

+ S−(S−x2)
S−x2

+ · · ·+ S−(S−xn)
S−xn

= S( 1
S−x1

+ 1
S−x2

+ 1
S−x3

+ · · ·+ 1
S−xn

)− n

= 1
n−1

[(S−x1)+(S−x2)+ · · ·+(S−xn)]( 1
S−x1

+ 1
S−x2

+ · · ·+ 1
S−xn

)−n

≥ 1
n−1

n2 − n (∵Þ���P)

= n
n−1

�rWñ�f�


(S − x1) : (S − x2) : · · · : (S − xn) = 1
S−x1

: 1
S−x2

: · · · : 1
S−xn

ùÇ S−x1
1

S−x1

= S−x2
1

S−x2

= · · · = S−xn
1

S−xn
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ÿ S − x1 = S − x2 = S − x3 = · · · = S − xn

Ç x1 = x2 = x3 = · · · = xn

3.� �O��ì�f�Ýt��Qó n:

EXbÝ�Qó p, q ­b |√2− q
p
| > 1

np2 . . . . . . . . . . . . . . . . . . . . . . . . . . (I)

�� � p = 1, q = 1 ÿÕ |√2− 1
1
| > 1

n

Æ 1
2

> 1
n

(∵ 1
2

>
√

2− 1 )

ÿá n ≥ 3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (a)

¨3�J� n = 3 �� (I) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (b)

5ëË��D¡

(1) u p = 1,

J |√2− q
p
| = |√2− q| ≥ 0.4 > 1

3·12 = 1
3p2

(2) u 0 < q
p
≤ 3

2
,

J
√

2 + q
p

< 3
2

+ 3
2

= 3

⇒ |2− q2

p2 | = |√2− q
p
||√2 + q

p
| < 3|√2− q

p
|

⇒ |√2− q
p
| > |2p2−q2

3p2 | ≥ 1
3p2

(3) u q
p
≥ 3

2
v p ≥ 2,

J |√2− q
p
| = q

p
−√2 ≥ 3

2
−√2 ≥ 1

3·22 ≥ 1
3p2

ãî«ÿá:

(a) n ≥ 3

(b) n = 3 �� (I)

Æ n = 3 
�� (I) �t��Qó

4.� ' a, b 
@ó

�J� a4+a2b2+b4

3
≥ a3b+ab3

2
, ¬®�rWñ�f�?
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J� a4+a2b2+b4

3
− a3b+ab3

2

= 1
6
[2(a4 + a2b2 + b4)− 3(a3b + ab3)]

= 1
6
[2a4 + 2a2b2 + 2b4 − 3a3b− 3ab3]

= 1
6
[(a4 + b4) + (a4 + 2a2b2 + b4)− 3(a2 + b2)ab]

= 1
6
[a4 + b4 + (a2 + b2)2 − 3(a2 + b2)ab]

= 1
6
[a4 + b4 + (a2 + b2)[a2 + b2 − 3ab]]

= 1
6
[a4 + b4 + (a2 + b2)(a2 + b2 − 2ab)− (a2 + b2)ab]

= 1
6
[(a3 − b3)(a− b) + (a2 + b2)(a− b)2]

= 1
6
[(a− b)2(a2 + b2 + ab) + (a2 + b2)(a− b)2] ≥ 0

Í��rWñ�f�
 a = b

5.� ' a, b, c KÎÑó

�J a
b+c

+ 4b
c+a

+ 9c
a+b

> 4

J� � S = a + b + c

J a
b+c

+ 4b
c+a

+ 9c
a+b

= S−b−c
b+c

+ 4(S−c−a)
c+a

+ 9(S−b−a)
a+b

= S[ 1
b+c

+ 4
c+a

+ 9
a+b

]− (1 + 4 + 9)

= (a + b + c)[ 1
b+c

+ 4
c+a

+ 9
a+b

]− 14

= 1
2
[(b + c) + (c + a) + (a + b)][ 1

b+c
+ 4

c+a
+ 9

a+b
]− 14

= 1
2
[(
√

b + c)2+(
√

c + a)2+(
√

a + b)2][( 1√
b+c

)2+( 2√
c+a

)2+( 3√
a+b

)2]−14

≥ 1
2
(1 + 2 + 3)2 − 14 = 18− 14 = 4

î«Ý��PÎ¿àÞ���P,

�Í�rWñ���f�Î
√

b+c
1√
b+c

=
√

c+a
2√
c+a

=
√

a+b
3√
a+b

⇔ b+c
1

= c+a
2

= a+b
3

⇔ a = 2b, c = 0

¬�á c 
Ñó, Æ�r�Wñ

6.� �JEXbÝÑ@ó a, b, c
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a√
a2+8bc

+ b√
b2+8ca

+ c√
c2+8ab

≥ 1

J� ´�&Æ�J�

a√
a2+8bc

≥ a
4
3

a
4
3 +b

4
3 +c

4
3

T��J�

(a
4
3 + b

4
3 + c

4
3 )2 ≥ a

2
3 (a2 + 8bc)

ãÕ¿��P, �ÿ

(a
4
3 + b

4
3 + c

4
3 )2 − (a

4
3 )2

= (b
4
3 + c

4
3 )(a

4
3 + a

4
3 + b

4
3 + c

4
3 )

≥ 2b
2
3 c

2
3 · 4a 2

3 b
1
3 c

1
3 = 8a

2
3 bc

Æ(a
4
3 + b

4
3 + c

4
3 )2 ≥ (a

4
3 )2 + 8a

2
3 bc

= a
2
3 (a2 + 8bc)

∴ a√
a2+8bc

≥ a
4
3

a
4
3 +b

4
3 +c

4
3

!§�ÿ

b√
b2+8ca

≥ b
4
3

a
4
3 +b

4
3 +c

4
3

C

c√
c2+8ab

≥ c
4
3

a
4
3 +b

4
3 +c

4
3

Þî�9ëÍ��P�R¼�ÿ

a√
a2+8bc

+ b√
b2+8bc

+ c√
c2+8bc

≥ 1

7.� ' 4ABC 
Þ�ë��

�J
√

cos A +
√

cos B +
√

cos C ≥ 3
2

6
√

cos A cos B cos C

vîP�r ”=” Wñ���f�
 4ABC ÎÑ 4

�� µÕ¿��Pÿ√
cos A +

√
cos B +

√
cos C ≥ 3 6

√
cos A cos B cos C

©��J�:

	 A,B, C Î��8�ÝÞ�`

­b cos A · cos B · cos C < 1
8

Jãh��Pÿ
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(cos A · cos B · cos C)2 < 1
64

(cos A · cos B · cos C)3 < 1
64

(cos A · cos B · cos C)


�ÿ�
√

cos A · cos B · cos C < 1
2

6
√

cos A cos B cos C

�ÿkJ���

|ìJ� cos A · cos B · cos C < 1
8

¿àë�ÐóÝP²

.
 A + B + C = π X|ÿ

cos A = − cos (B + C) = sin B · sin C − cos B cos C

� =
√

1− cos2 B
√

1− cos2 C − cos B cos C

cos A + cos B cos C =
√

1− cos2 B
√

1− cos2 C

Ë\¿];�ÿ

cos2 A + cos2 B + cos2 C + 2 cos A cos B cos C = 1

	 A,B, C ��8�`, µÕ¿��Pÿ
3
√

cos2 A cos2 B cos2 C < cos2 A+cos2 B+cos2 C
3

= 1−2 cos A cos B cos C
3

⇒ 3
3
√

cos2 A cos2 B cos2 C + 2 cos A cos B cos C − 1 < 0

⇒ ( 3
√

cos A cos B cos C + 1)2(2 3
√

cos A cos B cos C − 1) < 0

ãhÿ 3
√

cos A cos B cos C < 1
2
, Æÿ cos A cos B cos C < 1

8

8.� ' a, b, c 
Ñ@ó

�J� 1
a

+ 1
b
+ 1

c
≤ a8+b8+c8

a3b3c3

J� �÷' a ≥ b ≥ c ≥ 0

�J 1
bc
≥ 1

ca
≥ 1

ab

Æ a8+b8+c8

a3b3c3
= a5

b3c3
+ b5

c3a3 + c5

a3b3

≥ a5

c3a3 + b5

a3b3
+ c5

b3c3
(¿à4���P)

= a2

c3
+ b2

a3 + c2

b3
≥ a2

a3 + b2

b3
+ c2

c3
(¿à4���P)

= 1
a

+ 1
b
+ 1

c

ÆÿJ 1
a

+ 1
b
+ 1

c
≤ a8+b8+c8

a3b3c3

9.� ' m � n 
ÑJó, �� n ≤ m
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�J� 2nn! ≤ (m+n)!
(m−n)!

≤ (m2 + m)n

J� ´�E n ®ó.hû°ß�ìP�
(m+n)!
(m−n)!

=
∏n

i=1(m
2 + n− i2 + i) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (a)

(1) 	 n = 1 `, (m+n)!
(m−n)!

= m(m + 1) = m2 + m

(2) ' n `æPWñ

J	 n + 1 `,
(m + n + 1)!

(m− n− 1)!
= ((Πn

i=1m
2 + n− i2 + i))(m + n + 1)(m− n)

= (Πn
i=1m

2 + n− i2 + i)(m + n + 1)(m− n)

= (Πn+1
i=1 m2 + n− i2 + i)

ãó.hû°á (a) EXb n ∈ N Wñ

	 i ≤ m `

m2 + m ≥ m2 + m− i2 + i ≥ i2 + i− i2 + i = 2i

∴ (m2 + m)n ≥ Πn
i=1(m

2 + m− i2 + i) ≥ Πn
i=1(2i)

⇒ (m2 + m)n ≥ (m+n)!
(m−n)!

≥ 2nn!

∴ 2nn! ≤ (m+n)!
(m−n)!

≤ (m2 + m)n

�

10.� (1) a, b, c ÎÑó, v a + b + c = 1

�J� (a + 1
a
)2 + (b + 1

b
)2 + (c + 1

c
)2 ≥ 100

3

(2) a1, a2, . . . , an ÎÑó, v a1 + a2 + · · ·+ an = 1

�O (a1 + 1
a1

)2 + (a2 + 1
a2

)2 + (a3 + 1
a3

)2 + · · ·+ (an + 1
an

)2 Ýt�

Â

�� (1) [(a + 1
a
)2 + (b + 1

b
)2 + (c + 1

c
)2][12 + 12 + 12]

≥ (a + b + c + 1
a

+ 1
b
+ 1

c
)2 = (1 + 1

a
+ 1

b
+ 1

c
)2

¬(
1

a
+

1

b
+

1

c
) = (

1

a
+

1

b
+

1

c
)(a + b + c)

≥ (1 + 1 + 1)2 = 9
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Æ (a + 1
a
)2 + (b + 1

b
)2 + (c + 1

c
)2

≥ (1+ 1
a
+ 1

b
+ 1

c
)2

3
≥ (1+9)2

3
= 100

3

(2)
∑n

i=1(ai + 1
ai

)2 − n

≥ (
∑n

i=1(ai + 1
ai

))2 = (1 +
∑n

i=1
1
ai

)2

¬ (
∑n

i=1 a−1
i ) = (

∑n
i=1 a−1

i )(
∑n

i=1 ai) ≥ n2

∴
∑n

i = 1(ai + 1
ai

)2 ≥ (1+
Pn

i=1 a−1
i )2

n

≥ (1+n2)2

n

	 a1 = a2 = a3 = · · · = an `

�rWñ, Æt�Â
 (1+n2)2

n

11.� ' p, q, r ÎëÍ�� 0 < p, q, r < 1 Ý@ó

�J� pq + qr + rp− 2pqr < 1

J� (×)(�ón¿¢¤î)

�àa]�P
 y = f(x) = (p + q − 2pq)x + pq − 1

(Þ p, q Ú
ü�Ý@ó)

Þ x = 0, 1 �áÿ f(0) = pq − 1 < 0

f(1) = p + q − pq − 1 = −(p− 1)(q − 1) < 0

X|hàa3 [0, 1]   �Â­
�ó

.h 0 < r < 1

f(r) = (p + q − 2pq)r + pq − 1 < 0

⇒ pr + qr + pq − 2pqr − 1 < 0

ÆÿJ pq + qr + rp− 2pqr < 1

J� (Þ)(��P¤î°)

1− (pq + qr + rp− 2pqr)

= (1− pq − r + pqr) + r(−q − p + pq + 1)

= (1− pq)(1− r) + r(1− p)(1− q) > 0

ÆÿJ pq + qr + rp− 2pqr < 1

12.� ' n Î�y 1 Ý�ó
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v S(n) �î n ÝXbÑ.ó�õ

�J S(n) < n 3
√

n

J� � a = pr1
1 pr2

2 · · · prn
n

� b = ps1
1 ps2

2 · · · psn
n

Í� p1, p2, p3, . . . , pn 
8²�²ó
JS(ab) = (1 + p1 + p2

1 + p3
1 + · · ·+ pr1+s1

1 )

� · (1 + p2 + p2
2 + p3

2 + · · ·+ pr2+s2
2 )

� · · · (1 + pn + p2
n + p3

n + · · ·+ prn+sn
n )

≤ (1 + p1 + p2
1 + p3

1 + · · ·+ pr1
1 )(1 + p1 + p2

1 + p3
1 + · · ·+ ps1

1 )

�(1 + p2 + p2
2 + p3

2 + · · ·+ pr2
2 )(1 + p2 + p2

2 + p3
2 + · · ·+ ps2

2 )

� · · · (1 + pn + p2
n + p3

n + · · ·+ prn
n )(1 + pn + p2

n + p3
n + · · ·+ psn

n )

= S(a)S(b)

.h, &Æ©m�J�EN×Í�²ó p

Kb S(p) < p 3
√

p

¬h��P�QWñ

. (S(p))3 = (1 + p)3 ≤ (4
3
p)3 = 64

27
p3 < p4

Æ S(p) < p 3
√

p

ÆÿJ

13.� ' a, b, c, d, e Î@ó

¸ÿ
a + b + c + d + e = 8
a2 + b2 + c2 + d2 + e2 = 16

O e �t�Â

�� ��]�P�;¶


8− e = a + b + c + d . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .(1)

16− e2 = a2 + b2 + c2 + d2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (2)

ãÞ���P

(a + b + c + d) ≤ (1 + 1 + 1 + 1)
1
2 (a2 + b2 + c2 + d2)

1
2
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�Þ (1)(2) ËP�áîPÿ

(8− e) ≤ (4)
1
2 (16− e2)

1
2

(8− e) ≤ 2
√

(16− e2)

Ë\¿]ÿ 64− 16e + e2 ≤ 4(16− e2)

5e2 − 16e < 0

e(5e− 16) ≤ 0

ãh�ÿ 0 ≤ e ≤ 16
5

�	 a = b = c = d = 6
5
` , e = 16

5

Æ e bt�Â 16
5

14.� �J u a, b, c, d, e KÎÑJó

J a
b+2c+3d+4e

+ b
c+2d+3e+4a

+ c
d+2e+3a+4b

+ d
e+2a+3b+4c

+ e
a+2b+3c+4d

≥ 1
2

�� ãÞ���PÿÕ

	 x1, x2, x3, x4, x5; y1, y2, y3, y4, y5 KÎÑ@ó`,

J (
∑5

i=1 xi)
2 ≤ (

∑5
i=1 xiyi)(

∑5
i=1

xi

yi
)(M)

¨' (x1, x2, x3, x4, x5) = (a, b, c, d, e)

�� (y1, y2, y3, y4, y5) = (b + 2c + 3d + 4e, c + 2d + 3e + 4a,

�� �����d + 2e + 3a + 4b, e + 2a + 3b + 4c, a + 2b + 3c + 4d)

' A �îÍ®ÞkJ����P¼P

JãîPXî, ÿ

A× 5(ab + ac + ad + ae + bc + bd + be + cd + ce + de)

≥ (a + b + c + d + e)2

∴ A ≥ (a+b+c+d+e)2

5(ab+ac+ad+ae+bc+bd+be+cd+ce+de)

¬ã (a− b)2 + (a− c)2 + (a− d)2 + (a− e)2 + (b− c)2 + (b− d)2

�� +(b− e)2 + (c− d)2 + (c− e)2 + (d− e)2 ≥ 0

ÿ a2 +b2 +c2 +d2 +e2 ≥ 1
2
(ab+ac+ad+ae+bc+bd+be+cd+ce+de)

∴ (a+ b+ c+d+ e)2 ≥ 5
2
(ab+ac+ad+ae+ bc+ bd+ be+ cd+ ce+de)

⇒ A ≥ 1
2



23 Ï 2 a ��P

15.� ' AD,BE, CF 
Þ� 4ABC Ýë{, Í� AB > AC

�áàa EF � BC øy P , �Ä D v� EF ¿�Ýàa5½ø

AC, AB y Q,R v N 
að BC îÝ×F, ∠NQP +∠NRP < 180µ

�J BN > CN

J� �Q ∠BEC = ∠BFC = 90µ,

�ÌD B, C, E, F °F�i

Æÿ PB ·PC = PE ·PF ¥�kà4DEF Ý²#i (Ì
 Euler i)

Ä;Äæ 4ABC ë\��F

. M 
 BC ��F

Æ D,M, F, E °F�i

yÎb PE · PF = PD · PM

.h�ÿ PB · PC = PD · PM . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (1)

¨×]« ãy 4AEF ∼ 4ABC

v QR � EF ¿�

�ÿ ∠ABC = ∠AEF = ∠CQD

ê ∠BDR = ∠CDQ

�ÿ 4BDR ∼ 4QDC, .h

DQ ·DR = DB ·DC . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (2)

� MB = MC = a,MD = d,MP = p

Jb PB = p + a, DB = a + d, PC = p− a, CD = a− d,DP = p− d

ã (1) P�ÿ

(p + a)(p− a) = (p− d)p

Ç a2 = dp yÎ (a + d)(a− d) = (p− d)d

hP��y DB ·DC = DP ·DM . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .(3)

)¿ (2)(3) PÇ�ÿJ

DQ ·DR = DP ·DM

ãh�á Q,R, P, M °F�i

.h ∠MQP + ∠MRP = 180µ > ∠NQP + ∠NRP
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ãh�ÿ

N 3i PQMR Ý/I

Æ N ∈ MC .h BN > CN

/ê�



Ï 3 a

Ðó

1.� ' a, b, c Î@ó, f(x) = ax2 + bx + c, g(x) = ax + b, v |f(x)| ≤ 1,

	 −1 ≤ x ≤ 1

(1) �J : |c| ≤ 1

(2) �J : 	 −1 ≤ x ≤ 1 `,|g(x)| ≤ 2

(3) ' a > 0, 	 −1 ≤ x ≤ 1 `, g(x)�t�Â
 2, Of(x) =?

�� (1) � x = 0 ⇒ |f(o)| ≤ 1 ⇒ |c| = |f(0)| ≤ 1

(2) ∵ f(0) = c

f(−1) = a− b + c ⇒ f(−1) + f(1) = 2a + 2c = 2a + 2f(0)

f(1) = a + b + c ⇒ a = f(1)+f(−1)−2f(0)
2

, b = f(1)−f(−1)
2

∴ 	 −1 ≤ x ≤ 1 `

25
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|g(x)| = |ax + b|
= |1

2
(f(1)− f(−1)− 2f(0))x +

1

2
(f(1)− f(−1))|

=
1

2
|(x + 1)f(1) + (x− 1)f(−1)− 2xf(0)|

≤ 1

2
(|x + 1||f(1)|+ |x− 1||f(−1)|+ |2x||f(0)|) (ë���P)

≤ 1

2
(|x + 1|+ |x− 1|+ 2)(∵|x| ≤ 1)

=
1

2
((x + 1) + (1− x) + 2)

(
∵x + 1 ≥ 0,
�x− 1 ≥ 0

)

= 2

(2) �¨J: g(x) = ax + b

���� ⇒ |g(x)| ≤ max{|g(1)|, |g(−1)|},−1 ≤ x ≤ 1

���� � |g(1)| = |a + b| ≤ |a + b + c|+ | − c| = |f(1)|+ |c| ≤
1 + 1 = 2

���� � |g(−1)| = | − a + b| = |a− b| ≤ |a− b + c|+ | − c| =
|f(−1)|+ |c| ≤ 1 + 1 = 2

���� ∵ |g(x)| ≤ 2,−1 ≤ x ≤ 1

(3) ∵ a > 0 `, g(x) = ax + b 3 −1 ≤ x ≤ 1 `ÎL¦Ðó,

vt�Âã�á

⇒ 2 = g(1) = a + b = (a + b + c)− c = f(1)− f(0)

∴ −1 ≤ f(0) = f(1)− 2 ≤ 1− 2 = −1 ⇒ c = f(0) = −1

ê ∵ −1 ≤ x ≤ 1 `, |f(x)| ≤ 1 ⇒ f(x) ≥ −1 = c = f(0)

|f(x)| ≤ 1 ⇒ f(x) ≥ −1 = c = f(0)

⇒ ax2 + bx + c ≥ c

⇒ ax2 + bx ≥ 0

⇒ b = 0

⇒ a = 2

∴ f(x) = 2x2 − 1

�
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2.� ' [x] ��øÄ x Ýt�Jó, u x > 0, y > 0, xy = 1, �O:

f(x, y) = x+y
[x][y]+[x]+[y]+1

�Â½?

�� ' x ≥ y, J x2 ≥ 1 ⇒ x ≥ 1 (�á x > 0 )

	 x = 1 ⇒ y = 1 ⇒ f(x, y) = 1+1
1·1+1+1+1

= 1
2

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . (1)

	 x > 1 ⇒ ' [x] = n(n ∈ N), x = x− [x] = a J

x = n + a, 0 ≤ a < 1 ⇒ y = 1
n+a

< 1 ∴ [y] = 0

∴ f(x, y) =
(n+a)+ 1

n+a

n+1

∵Ðó g(x) = x + 1
x
3 x ≥ 1 `ÎL¦Ðó,ê 0 ≥ a ≤ 1

∴n + 1
n
≤ (n + a) + 1

n+a
< (n + 1) + 1

n+1

⇒ n+ 1
n

n+1
≤ f(x, y) ≤ (n+1)+ 1

n+1

n+1

'

{
an =

n+ 1
n

n+1
= n2+1

n2+n
= 1− n−1

n2+n

bn =
(n+1)+ 1

n+1

n+1
= 1 + 1

(n+1)2

Jan+1 − an = [1− (n + 1)− 1

(n + 1)2 + (n + 1)
]− [1− n− 1

n2 + n
]

=
n− 1

n(n + 1)
− n

(n + 2)(n + 1)
=

n− 2

n(n + 1)(n + 2)
∴ a1 > a2 = a3, a3 < a4 < a5 < . . . < an < . . .

v b1 > b2 > . . . > bn > . . .

⇒ a2 = a3 < a4 < . . . < an ≤ f(x, y) ≤ bn < . . . < b2 < b1

Ç 5
6

= a2 ≤ f(x, y) < b1 = 1 + 1
4

= 5
4

. . . . . . . . . . . . . . . . . . . . . . . . (2)

ã (1)(2) ⇒ f(x, y) �Â½
 {1
2
}⋃

[5
6
, 5

4
)�

3.� 'Ðó f : (0, 1) → R �L
 f(x) =





x (x 6∈ Q)

p + 1

q
(x =

p

q
, (p, q) = 1,

0 < p < q, p, q ∈ N)

O f(x) 3  (7
8
, 8

9
) îÝt�Â?

�� ∵ 7
8

< 7+8
8+9

< 8
9
Ç 7

8
< 15

17
< 8

9

ã�Lá f(15
17

) = 16
17

,
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(1) u x 6∈ Q, x ∈ (7
8
, 8

9
), J f(x) = x < 8

9
< 16

17

(2) u x ∈ Q, x ∈ (7
8
, 8

9
), ' x = p

q
Í� (p, q) = 1, 0 < p < q

∵ 7
8

< p
q

< 8
9

∴
{

7q < 8p
9p < 8q

⇒
{

7q + 1 ≤ 8p
9p + 1 ≤ 8q

⇒ 7q + 1 ≤ 8p ≤ 8 · 8q−1
9
⇒ 63q + 9 ≤ 64q − 8

⇒ q ≥ 17

∴f(x) = f(
q

p
) =

p + 1

q
≤

8q−1
9

+ 1

q
=

8q + 8

9q

=
8

9
+

8

9q
≤ 8

9
+

8

9× 17
=

16

17

ã (1)(2)D¡á : f(x) 3  (7
8
, 8

9
)îÝt�Â
 16

17

4.� 	 a 
¢Â`, ��P

log 1
a

√
x2 + ax + 5 + 1 · log5 x2 + ax + 6 + loga 3 ≥ 0 ªb×Í�?

�� ∵ a 
9ó ∴ 0 < a 6= 1, ' u = x2 + ax + 5,J

æP ⇒ log3

√
u+1

− log3 a
· log1 u + 1 + 1

log3 a
≥ 0

(A) 	 0 < a < 1 ` ⇒ log3u + 1 · log5u + 1 ≥ 1 . . . . . . . . . . . . . . . . . . (1)

	 u ≥ 0 ` log3 u + 1 � log5 u + 1 í
��L¦Ðó

∴f(u) = log3 u + 1 · log5u + 1 ù
��L¦Ðó∵f(4) = log3 3 ·
log5 5 = 1 ∴(1) ⇔ u ≥ 4

Ç x2 + ax + 5 ≥ 4 ⇒ ��PbP§9�
(B) 	 a > 1 ` ⇒ log3u + 1 · log5u + 1 ≤ 1 . . . . . . . . . . . . . . . . . . . . . . (2)

ã f(4) = 1 á (2) ⇔ 0 ≤ u ≤ 4

Ç 0 ≤ x2 + ax + 5 ≤ 4 ⇒ ©b	 x2 + ax + 5 = 4 b°×�

æ��Pªb×�, ã ∆ = a2 − 4 = 0 ÿ a = 2

h` 0 ≤ x2 + 2x + 5 ≤ 4 Ý�
 x = −1

ã(1)(2)D¡á 	 a = 2 `, æ��Pª
×Í�
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5.� 'Ðó f(x) ��: x ∈ R, |f(x)| ≤ 1, v f(x + 13
42

) + f(x) = f(x + 1
6
) +

f(x + 1
7
),

�J : f(x) Î��Ðó

J� �á x ∈ R, f(x + 13
42

) + f(x) = f(x + 1
6
) + f(x + 1

7
)

⇒
{

f(x + 1
6
)− f(x) = f(x + 13

42
)− f(x + 1

7
) · · · · · · · · · · · · (1)

f(x + 1
7
)− f(x) = f(x + 13

42
)− f(x + 1

6
) · · · · · · · · · · · · (2)

∵(1)��PµÎÞ x + 1
7
(Ç x + 6

42
)��(1)�¼P�Ý x

∴*@g| x + 1
7

(Ç x + 6
42

4)��P�Ý x

⇒ f(x + 1
6
)− f(x) = f(x + 13

42
)− f(x + 6

42
) = f(x + 19

42
)− f(x + 12

42
)

= · · · = f(x + 49
42

)− f(x + 42
42

)

Þf(x + 1
6
) � f(x + 42

42
) É4, �ÿ

f(x + 42
42

)− f(x) = f(x + 49
42

)− f(x + 7
42

)

Ç f(x + 1)− f(x) = f(x + 49
42

)− f(x + 7
42

) . . . . . . . . . . . . . . . . . . . . . . (A)

Þ x + 1
42
��(2)P�Ý x ,�ÿ

⇒ f(x + 7
42

)− f(x + 1
42

) = f(x + 14
42

)− f(x + 8
42

) . . . . . . . . . . . . . . . . . (3)

�@g| x + 7
42
��(3)P�Ý x

⇒ f(x + 14
42

)− f(x + 8
42

) = f(x + 21
42

)− f(x + 15
42

)

⇒ f(x + 21
42

)− f(x + 15
42

)− f(x + 28
42

)− f(x + 22
42

)

⇒ · · · · · ·
= f(x + 42

42
)− f(x + 36

42
) = f(x + 49

42
)− f(x + 43

42
)

∴f(x + 7
42

)− f(x + 1
42

) = f(x + 49
42

)− f(x + 43
42

)

Þ f(x + 7
42

) � f(x + 43
42

) É4,�ÿ

f(x + 49
42

)− f(x + 7
42

) = f(x + 43
42

)− f(x + 1
42

). . . . . . . . . . . . . . . . . . . .(B)

ã(A)(B) ⇒ f(x + 1)− f(x) = f(x + 43
42

)− f(x + 1
42

)−−−−(4)

@g| x + 1
42
ñ� (4) P�Ý x ,�ÿ

f(x + 43
42

)− f(x + 1
42

) = f(x + 44
42

)− f(x + 2
42

)

f(x + 44
42

)− f(x + 2
42

) = f(x + 45
42

)− f(x + 3
42

)
...

f(x + 83
42

)− f(x + 41
42

) = f(x + 84
42

)− f(x + 42
42

) = f(x + 2)− f(x + 1)
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∴ f(x + 1)− f(x) = f(x + 2)− f(x + 1)

⇒ f(x + 1)− f(x)

� = f(x + 2)− f(x + 1)

� = f(x + 3)− f(x + 2)

�
...

� = f(x + n)− f(x + (n− 1))
⇒ f(x + n)− f(x) = (f(x + h)− f(x + n− 1)) + · · ·+ (f(x + 3)− f(x + 2)) + (f(x + 2)− f(x + 1)) + (f(x + 1)− f(x))

= n(f(x + 1)− f(x))
⇒ |f(x + n)− f(x)| = n|f(x + 1)− f(x)|
⇒ |f(x + 1)− f(x)| ≤ 1

n
(|f(x + n)|+ |f(x)|) ≤ 2

n
, n ∈ N

⇒ |f(x + 1)− f(x)| = 0

Ç f(x + 1) = f(x), x ∈ R ∴ f(x) Î��Ðó

6.� ' f(x) = (a− 1)x2 + 2x + 2, �3ì�f�ìO@ó a �P�:

(1) E��@ó x, f(x) > 0 ­Wñ

(2) E  [−1, 1] �ÝXb@ó x, f(x) > 0 ­Wñ

�� (1) f(x) = (a− 1)x2 + 2x + 2, x ∈ R

	 a = 1 ` , f(x) = 2x + 2, 	 x ∈ R, f(x) �­�y 0

	 a < 1 ` , f(x) = (a− 1)x2 + 2x + 2 �%��ý'ì,

Æ f(x) �­�y 0

	 a > 1 ` , f(x) = (a− 1)x2 + 2x + 2 �%��ý'î

∴ 	¾½P D = 22 − 4(a− 1)2 = 12− 8a < 0

Ç a > 3
2
`f(x) > 0 ­Wñ

(2) f(x) = (a− 1)x2 + 2x + 2, x ∈ [−1, 1]

	 a = 1 ` , f(x) = 2x + 2 ∵ f(−1) = 0 ∴ f(x) 3 [−1, 1] �­�y0
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	 a < 1 ` , f(x) = (a− 1)x2 + 2x + 2, ∴ f(−1) = a− 1 < 0

∴ f(x) 3 [−1, 1] �­�y0

	 a > 1 ` , f(x) = (a− 1)x2 + 2x + 2 3 x ∈ [−1, 1] Î�ý'îÝeÎ

aÝ×ð

EÌ�
 x = 1
(1−a)

u 1
1−a

< −1 ⇔ a < 2

h` f(−1) > 04

∴ a > 1 ⇒ 1 < a < 2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (1)

u −1 ≤ 1
1−a

≤ 1 ⇔ a ≥ 2

h`¾½P D = 4− 4 · (a− 1) · 2 < 2

⇔ a > 3
2
⇒ a ≥ 2

u 1
1−a

< −1 ⇔ a < 0,

f(x)�%��ý'ì

∴ f(x) �­�y0

ã (1)
⋃

(2) ⇒ 	 a(1,∞)`, f(x)3 x ∈ [−1, 1] ­�y0

7.� ' A = {a|a = 7p, p ∈ N}, N = {�Qó}, 3 A î�LÐó f Aì�

u a ∈ A, J f(a) = a �óCõ,

»A�f(7) = 7, f(14) = 5, f(21) = 3, · · ·
'Ðó f(x) �Â½
 f(A), �ß�f(A) = {n|n ∈ N, n ≥ 2}

J� (⇒) �ß f(A) ⊆ {n|n ∈ N,n ≥ 2}
3 f(A) ��ã×F x, Ç x Î� 7 JtÝÑJóÝóCõ,

∵7 6 |10n, n = 0, 1, 2, . . . ∴x ÝóCõÎ�y 1 ÝÑJó

⇒ x ∈ {n|n ∈ N,n ≥ 2} ⇒ f(A) ⊆ {n|n ∈ N, n ≥ 2} . . . . . . . . . (1)

(⇐) �ß {n|n ∈ N, n ≥ 2} ⊆ f(A)

3 {n|n ∈ N, n ≥ 2} ��ã×ó x, Ç x Î�y 1 ÝÑJó

< i > �
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	x = 2k, (k ∈ N)`,∵7|1001 = 7× 143

∴ã a = 10011001 · · · 1001︸ ︷︷ ︸
kÍ1001

J7|a

vf(a) = 2k ⇒ x ∈ f(A)

< ii > �
	x = 2k + 1, (k ∈ N)`,∵7|1001 = 7× 143v7|21

∴ã b = 10011001 · · · 1001︸ ︷︷ ︸
k−1Í1001

21J7|b

vf(b) = 2(k − 1) + 3 = 2k − 1 ⇒ x ∈ f(A)

ã < i >< ii > á {n|n ∈ N, n ≥ 2} ⊆ f(A) . . . . . . . . . . . . . (2)

ã (1)(2) á f(A) = {n|n ∈ N,n ≥ 2}

8.� ' f(x) =





x +
1

2
0 ≤ x ≤ 1

2

2(1− x)
1

2
< x ≤ 1

�L fn(x) = f(f(f · · · f︸ ︷︷ ︸
nÍf

(x) · · · ))), n ∈ N

(1) O f2001(
2
15

) =?

(2) u B = {x|f15(x) = x, x ∈ [0, 1]}, Oß�B ��Kâb 9 Í-ô

ß� (1) ã�á�ÿ�

f1(
2
15

) = 2
15

+ 1
2

= 19
30

f2(
2
15

) = f(19
30

) = 2(1− 19
30

) = 11
15

f3(
2
15

) = f(11
15

) = 2(1− 11
15

) = 8
15

f4(
2
15

) = f( 8
15

) = 2(1− 8
15

) = 14
15

f5(
2
15

) = f(14
15

) = 2(1− 14
15

) = 2
15

f6(
2
15

) = f( 2
15

) = 19
30

∴E fn( 2
15
��, Î| 5 
��Ç��;Ý, Ç

�f5k+r(
2
15

) = fr(
2
15

∴f2001(
2
15

) = f5×400+1(
2
15

) = f1(
2
15

) = 19
30
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(2) ' A = { 2
15

, 19
30

, 11
15

, 8
15

, 14
15
} ã (1) á, ∀a ∈ A ⇒ f5(a) = a

⇒ f15(a) = a ⇒ A ⊆ B . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (a)

∴ A ⊆ B

0 1
2

2
3 1

1
2

2
3

1

ã f(x) �%�á f(2
3
) = 2

3
∴f15(

2
3
) = 2

3
∴2

3
∈ B . . . . . . . . . . . . . (b)

' C = {0, 1
2
, 1}, ã f(0) = 1

2
, f(1

2
) = 1, f(1) = 0

∴∀c ∈ C ⇒ f3(c) = c ⇒ f15(c) = c ⇒ C ⊆ B . . . . . . . . . . . . . . . . . (c)

ã (a)(b)(c)á { 2
15

, 19
30

, 11
15

, 8
15

, 14
15

, 2
3
, 0, 1

2
, 1} ⊂ B ∴B ��Kâb 9Í-

ô

9.� OXb@ó P , ¸Ðó f(x) = 2(1−P )+cos x

P−sin2 x
ÝÂ½�â  [1, 2]?

�� ' y ∈ [1, 2], ©mO P ¸]�P

yP − y sin2 x− cos x + 2(P − 1) = 0 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (1)

�D3×Í@ó� x, ¸ÿ sin2 x 6= P

� t = cos x, JæÞ ⇔ OXb@ó P , ¸ ∀y ∈ [1, 2],

]�P yt2 − t + (P − 1)(y + 2) = 0 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (2)

b×@óq t0, ¸ÿ t20 6= 1− P v t0 ∈ [−1, 1]
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u t20 = 1− P , Jã(2)á t0 = −2(1− P ) ⇒ 4(1− P )2 = 1− P

⇒ P = 1 T 3
4

	 P = 1 `, (2)P�q
 t1 = 0, t2 = 1
y
∈ [1

2
, 1] ⊂ [−1, 1]

∴ P = 1 ��f� . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (i)

	 P = 3
4
`, (2)P�q
 t1 = −1

2
, t2 = 1

2
+ 1

y
∈ [1, 3

2
] 6⊂ [−1, 1]

∴ P = 3
4
���f� . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (ii)

	P 6= 1vP 6= 3
4

,̀ (2)Pb@q�f�
D = 1+4y(y+2)(1−P ) ≥ 0

µÞ�, �O P ≤ 1 + 1
32

= 33
32

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (iii)

ê g(t) = yt2 − t + (P − 1)(y + 2) �EÌ�
 t = 1
2y
∈ [1

4
, 1

2
] ⊂ [−1, 1]

∴g(t) = 0 b×q t0 ∈ [−1, 1] �f�
 g(−1) ≥ 0 T g(1) ≥ 0

⇒ P ≥ 1− y+1
y+2

= 1y + 2 ENÍ y ∈ [1, 2] K�Wñ ⇒ P ≥ 1
3
. . . . (iv)

ã (i)(ii)(iii)(iv) á P ∈ [1
3
, 33

32
] ¬ P 6= 3

4

10.� 'Ðó f : R → R, v f(x) + c · f(2− x) = (x− 1)3, Í� c 
��Ý

@ó, O f(x) =?

�� �á f(x) + c · f(2− x) = (x− 1)3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .(1)

| 2− x �� x ⇒ f(2− x) + c · f(x) = (1− x)3 . . . . . . . . . . . . . . . . . (2)

	 c 6= ±1 ⇒ f(x) = (1−x)3

c−1

	 c =�1 ⇒ (1− x)3 = 0 ⇒ x = 1 �D3Ðó f : R → R �� (1)

	 c = −1 ⇒ (1)P;
 f(x)− f(2− x) = (x− 1)3

∴f(x) =
1

2
(f(x)− f(2− x)) +

1

2
(f(x) + f(2− x))

=
1

2
(x− 1)3 +

1

2
(f(1 + (x− 1)) + f(1− (x− 1)))

� g(x) = 1
2
(f(1 + x) + f(1− x)), x ∈ R J

� g(−x) = 1
2
(f(1− x) + f(1 + x)) = g(x) ∴g(x) Î�Ðó

h` f(x) = 1
2
(x− 1)3 + g(x− 1) . . . . . . . . . . . . . . . . . . . . . . . . . . . . (3)

∴f(2− x) =
1

2
(f(2− x)− 1)3 + g((2− x)− 1)

=
1

2
(1− x)3 + g(1− x) · · · · · · · · · · · · · · · · · · (4)
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(3)− (4) ⇒ f(x)− f(2− x) =[
1

2
(x− 1)3 − 1

2
(1− x)3]

+ [g(x− 1)− g(1− x)]
∵g(x) Î�Ðó

∴g(x− 1) = g(−(x− 1)) = g(1− x) Ç g(x− 1)− g(1− x) = 0

⇒ f(x)− f(2− x) = (x− 1)3 ∴(3) Î (1) Ý�(	 c = −1 `)

ãî�D¡ÿÐó]���
:

f(x) =





(1−x)3

c−1
(	c 6= ±1)

P� (	c = 1)
1
2
(x− 1)3 + g(x− 1) (	c = −1)(Í�g(x)ÎR → RÝ�×�Ðó)

�

11.� ' f(x) =
∑1000

k=2 [ k
√

x, g(x) =
∑1000

k=2 [logk x], �ß:f(1000) = g(1000)

�� ' 2k2 ≤ 1000 < 2k2+1

� 3k3 ≤ 1000 < 3k3+1

...

1000k1000 ≤ 1000 < 1000k1000+1,Í� k2, k3, . . . , k1000 ∈ N

J k2 ≤ log2 1000 < k2 + 1

� k3 ≤ log3 1000 < k3 + 1

�
...

� k1000 ≤ log1000 1000 < k1000 + 1

∴g(1000) = k2 + k3 + · · ·+ k1000

' An = {1, 2, . . . , [ n
√

1000]},
J An Ý-ôÍó = |An| = [ n

√
1000], n ∈ {2, 3, . . .}

J f(1000) = |A2|+ |A3|+ · · ·+ |A1000|
∵1 ∈ An, n = 2, 3, . . . , 1000 ∴1 3 f(1000) ���ÕÝ 999 g

	 2 ≤ n ≤ k2 `, ∵2k2 ≤ 1000 < 2k2+1 ∴2 ≤ k2
√

1000 v 2 > k2+1
√

1000

⇒ 2 ∈ An, n = 2, 3, . . . , k2 �	 n > k2 `, 2 6∈ An

∴2 3 f(1000) ���ÕÝ k2 − 1 g

!§ 3 3 f(1000) ���ÕÝ k3 − 1 g

��
...
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�� 1000 3 f(1000) ���ÕÝ k1000 − 1 g
⇒ f(1000) = 999 + (k2 − 1) + (k3 − 1) + · · ·+ (k1000 − 1)

= 999 + (k2 + k3 + · · ·+ k1000)− 999 = g(1000)

12.� ' an = [
√

2n], �ß: 3ó� < an > �bP§9Í4Î 2 ÝJóg]

(Ç 2k+1 Ý�P)

�� kßD3P§9Í n,¸ [
√

2n] = 2k+1 �P,Ç 2k+1 <
√

2n < 2k+1 +1

⇒ 2k · √2 < n < 2k · √2 + 1
sqrt2

⇒ [2k · √2] = n− 1

� {x} = x Ý�óI5, J 2k · √2 + 1√
2

= (n− 1) + {2k · √2}+ 1√
2

∴n < (n− 1) + {2k · √2}+ 1√
2
Ç {2k · √2} ≥ 1− 1√

2
. . . . . . . . . . . . . (1)

.h, u�ß�D3P§9Í�Qó k, ¸(1)Wñ, JæÞÿß

∵{2√2} = 0.8 · · · > 1
2
Ç	 k = 1 `, {2k · √2 ≥ 1

2
. . . . . . . . . . . (2)Wñ

'©bb§9Í�Qó k ¸(2)Wñ, v9° k �Ýt�ó
 k,

⇒ {2k1 · √2} ≥ 1
2

∴ ∀m ∈ N, {2k1+m · √2} < 1
2

∵
√

2 6∈ Q ∴ {2k · √2} ≥ 1
2

' 0 < {2k1+1 · √2} = α < 1
2

∵{x} < 1
2
⇒ {2x} = 2{x}

∴∀m ∈ N, 0 < {2k1+m · √2} = {2m−1 · α} < 1
2
�­Wñ

∴bP§9Í�Qó k, ¸ {2k · √2} ≥ 1
2

> 1− 1√
2
,

� n = [2k · √2] + 1 J 2k · √2 < n < 2k · √2 + 1√
2

⇒ 2m+1 <
√

2n < 2m+1 + 1 ⇒ [
√

2n] = 2k+1

13.� ' f(x) = xn + a1x
n−1 + a2x

n−2 + · · ·+ an−1x + an,

Í� ai ∈ {−1, 1}, i = 1, 2, . . . , n

u f(x) = 0 ÝqKÎ@ó, OXbÝ n �ETÝ f(x)?

� � ' f(x) = 0 �q
 x1, x2, . . . , xn

ã”q�;ó�n;”



x1 + x2 + · · ·+ xn = −a1

x1x2 + x1x3 + · · ·+ xn−1xn = a2
...
x1x2 · · ·xn = (−1)nan
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⇒ x2
1 +x2

2 + · · ·+x2
n = (x1 +x2 + · · ·+xn)2−2(x1x2 +x1x3 + · · · xn−1xn)

�= a2
1 − 2a2 ≥ 0

∵a1, a2 ∈ {−1, 1} ∴a1 = 1, a2 = −1

⇒ x2
1 + x2

2 + · · ·+ x2
n = 1− 2(−1) = 3

ã”¿í¿�P”
3
n

=
x2
1+x2

2+···+x2
n

n
≥ n

√
(x1x2 · · · xn)2 = n

√
|an|2 = 1 . . . . . . . . . . . . . . . . . . (1)

∴n ≤ 3

	 n = 3 ` (1)��rWñ ⇔ |x1| = |x2| = |x3| = 1

� (x− 1)3, (x + 1)3, (x− 1)2(x + 1), (x− 1)(x + 1)2 �l�, ��

�áf�Ýb:

(x− 1)2(x + 1) = x3 − x2 − x + 1

� (x− 1)(x + 1)2 = x3 + x2 − x− 1

	 n = 2 ` � x2 + x + 1, x2 + x− 1, x2 − x + 1, x2 − x− 1 �l�, ���á

f�Ýb:

x2 + x− 1 � x2 − x− 1

	 n = 1 ` bËÍ94P���áf�, Ç x + 1, x− 1

ã|îD¡án = 1`f(x) = x + 1 or x− 1

n = 2`f(x) = x2 + x− 1 or x2 − x− 1

n = 3`f(x)x3 − x2 − x + 1 or x3 + x2 − x− 1

14.� 'Ðó f(X) �L3 N î, v f(n + 2) + f(n + 1) = 2f(n) + 2n,

f(1) = 0, f(2) = 1,O f(n) =?

� � ∵2n = f(n + 2) + f(n + 1)− 2f(n)

�= (f(n + 2) + 2f(n + 1))− (f(n + 1) + 2f(n))

� g(n) = f(n + 1) + 2f(n), J

g(1) = 1 v g(n + 1)− g(n) = 2n
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⇒g(2)− g(1) = 21

g(3)− g(2) = 22

g(4)− g(3) = 23

...

g(n)− g(n− 1) = 2n−1

|îP�8�, ÿ

g(n)− g(1) = 21 + 22 + 23 + · · ·+ 2n−1 = 2n − 2
∴ g(n) = 2n − 1

Ç f(n + 1) + 2f(n) = 2n − 1 ⇒ f(n+1)
2n+1 + f(n)

2n = 1
2
− 1

2n+1

� h(n) = f(n)
2n , J h(1) = 0

21 = 0, v

⇒h(2) + h(1) =
1

2
− 1

22

h(3) + h(2) =
1

2
− 1

23

...

h(n) + h(n− 1) =
1

2
− 1

2n

∴	 n = �ó` ⇒ h(n) = 1
22 − 1

23 + 1
24 − 1

25 + · · ·+ 1
2n−1 − 1

2n = 2n−1−1
3·2n

�	 n =�ó`⇒ h(n) = − 1
22 + 1

23 − 1
24 + 1

25 + · · · − 1
2n−1 + 1

2n = 2n−1
3·2n

∴f(n) = 2n · h(n) =





2n−1 − 1

3 · 2n
n
�ó

2n − 1

3 · 2n
n
�ó

15.� ' x, y ∈ R, x3 + sin x − 2a = 0, 4y3 + sin y · cos y + a = 0, O

cos (x + 2y) =?

� � �
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o

x1

x2

sin x2 − sin x1

x2 − x1

(0, 1)

(1, 0)

� f(x) = x3 + sin x− 2a

∵| sin x2 − sin x1| = |2 cos x1+x2

2
sin x1−x2

2
| ≤ |x1 − x2|

∴	 π
2
≤ x1 < x2 T x1 < x2 ≤ −π

2
`

f(x1)− f(x2) =x3
1 − x3

2 + sin x1 − sin x2

≤ (x1 − x2)(x
2
1 + x1x2 + x2

2) + |x1 − x2|
= (x1 − x2)(x

2
1 + x1x2 + x2

2 − 1)
∵π

2
≤ x1 < x2 T x1 < x2 ≤ π

2
⇒ x2

1 − x1x2 + x2
2 > 1

∴x2
1 + x1x2 + x2

2 − 1 > 0

ê x1 − x2 < 0 ∴f(x1)− f(x2) < 0 ⇒ ∀x ∈ [π
2
,∞)

⋃
(−∞, −π

2
],

F (x) 
�}L¦Ðó . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (1)

∵y1 = x3 � y2 = sin x 3 [−π
2

, π
2
] KÎ�}L¦Ðó

∴f(x) = x3 + sin x− 2a 3 [−π
2

, π
2
] ôÎ�}L¦Ðó . . . . . . . . . . . . (2)

ã(1)(2)á f(x) = x3 + sin x− 2a Î�}L¦Ðó ∀x ∈ R
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ã�áf� ⇒ f(x) = f(−2y) = 0

⇒ x = −2y ⇒ x + 2y = 0
∴cos (x + 2y) = cos0 = 1

16.� 'Ðó y =
√

x− 1
x
−

√
1− 1

x
á%�
 Γ, Γ nyàa x = y �EÌ

�%�
 Γ′, �O Γ � Γ′ �øF2ý?

�� �

x = yΓ

Γ′

∵%� Γ � Γ′ EÌ� x = y ⇒
∴Γ � Γ′ �øFÇ
 Γ � x = y �øF

⇒
{

x = y

y =
√

x− 1
x
−

√
1− 1

x

⇒ x =
√

x− 1
x
−

√
1− 1

x
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (1)

�h]�P`, u2”Ë\¿]”Ý]°, Ä�H�Ó,

∴�x×ÍBÃ]�P: 1
x

= 1√
x− 1

x
−
√

1− 1
x

×
√

x− 1
x
+
√

1− 1
x√

x− 1
x
+
√

1− 1
x

=

√
x− 1

x
+
√

1− 1
x

x−1

⇒ x−1
x

=
√

x− 1
x
−

√
1− 1

x
⇒ 1− 1

x
=

√
x− 1

x
−

√
1− 1

x
. . . . . . . . (2)

(1)+(2)⇒ x− 1
x

+ 1 = 2
√

x− 1
x

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (3)

�
√

x− 1
x

= a J (3) ⇒ a2 + 1 = 2a ⇒ (a− 1)2 = 0

∴
√

x− 1
x

= a = 1
¿]⇒ x− 1

x
= 1 ⇒ x2 − x− 1 = 0

⇒ x = 1±√5
2
¬ x =

√
x− 1

x
+

√
1− 1

x
> 0 ∴��¢
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Ç x = 1+
√

5
2

∴øF2ý
 (1+
√

5
2

, 1+
√

5
2

)

17.� �á&�@ó a, b, c �� a + b + c = 1, EÑó x1, x2, x3,

�





y1 = ax1 + bx2 + cx3

y2 = ax2 + bx3 + cx1

y3 = ax3 + bx1 + cx2

�ß:y1y2y3 ≥ x1x2x3

� � ¿à”Þ���P”

∵a + b + c = 1
∴y1y2y3 = (ax1 + bx2 + cx3)(ax2 + bx3 + cx1)·

�(ax3 + bx1 + cx2) · (a + b + c)

≥ (a
√

x1x2 + b
√

x2x3 + c
√

x1x3)
2 · (a√x3 + b

√
x1 + c

√
x2)

2

≥ (a 4
√

x1x2x3 + b 4
√

x1x2x3 + c 4
√

x1x2x3)
4

= ( 4
√

x1x2x3)
4(a + b + c)4 = (x1x2x3) · 14 = x1x2x3

Ç y1y2y3 ≥ x1x2x3

18.� ' x2 + y2 = 2, J x2 + y2 +6x+2y +10 �t�Â
? h` x =? y =?

��(]°×) x2 + y2 + 6x + 2y + 10 = 2 + 6x + 2y + 10 = 12 + 2(3x + y)
ã”Þ���P” ⇒ (32 + 12) · (x2 + y2) ≥ (3x + y)2

⇒ −
√

20 ≤ 3x + y ≤
√

20

∴x2 + y2 + 63 + 2y + 10 ≤ 12 + 2
√

20 = 12 + 4
√

5. . .hÇt�Â

h` x
3

= y
1

�
= t ⇒ x = 3t, y = t �á x2 + y2 = 2

⇒ 9t2 + t2 = 10t2 = 2∴t2 = 1
5
⇒ t = 1√

5
T −1√

5
(�))

∴x = 3t = 3√
5
, y = t = 1√

5

(]°Þ) x2 + y2 + 6x + 2y + 10 = (x + 3)2 + (y + 1)2 �= d

JÞê»;
”3| o
iT,
√

2
�5Ýiøî0×F B(x, y),

¸ B � A(−3,−1)�ûÒ¾Õt�”
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A

B

xo

(−3,−1)

A%Xî:�á	 AB ;ÄiT o `sßt�Â

∵ Ao =
√

10, oB =
√

2

∴ Ao : oB =
√

5 : 1

ã”/5F2P” ⇒ 0 = A+
√

5B√
5+1

⇒ B = [(
√

5 + 1) · (0, 0)− (−3,−1)] · 1√
5

= ( 3√
5
, 1√

5
)

Ç	 x = 3√
5
, y = 1√

5
`, x2 + y2 + 6x + 2y + 10 bt�Â AB

2
=

12 + 4
√

5

19.� �áÐó f(x) = ax2 − b, �� −4 ≤ f(1) ≤ −1,−1 ≤ f(2) ≤ 5,

O f(3) �P�?

� �(]°×) ∵
{

f(1) = a− b
f(2) = 4a− b

⇒ 4f(1)− f(2) = −3b
∴b = 1

3
[f(2)− 4f(1)] ⇒ a = 1

3
[f(2)− f(1)]

⇒ f(3) = 9a−b = 3[f(2)−f(1)]− 1
3
[f(2)−4f(1)] = 8

3
f(2)− 5

3
f(1)

∵−8
3
≤ 8

3
f(2) ≤ 403

5
3
≤ −5

3
f(1) ≤ 203

}
8� ⇒ −1 ≤ f(3) ≤ 20

(]°Þ) ∵
{

f(1) = a− b
f(2) = 4a− b

∴�Þ f(1), f(2) Ú
Þîè (Ç ab ¿«)îÝËÍ'�

� f(3) = 9a− b 
 ab ¿«î�¨×'�,

Æ f(3) �|�î
 f(1) � f(2) �aPà)

∴�' f(3) = αf(1) + βf(2)

�⇒ 9a− b = α(a− b) + β(4a− b) = (α + 4β)a− (α + β)b
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�

{
α + 4β = 9
α + β = 1

⇒
{

α = −5
3

β = 8
3

∴f(3) = 8
3
f(2)− 5

3
f(1)

∵−8
3
≤ 8

3
f(2) ≤ 403

5
3
≤ −5

3
f(1) ≤ 203

}
8� ⇒ −1 ≤ f(3) ≤ 20

(]°ë) aP!�

f(1) = a− b, f(2) = 4a− b, f(3) = 9a− b

⇒ −4a ≤ a− b ≤ −1,−1 ≤ 4a− b ≤ 5

⇒
(a, b) f(3) = 9a− b
(0, 1) −1 · · ·min
(3, 7) 20 · · ·Max

*

*

6

?

:

W

O

A(0, 1)

B(3, 7)

a− b = −4

a− b = −1

4a− b = −1

4a− b = 5

9a− b
�
= k

¿É

∴ −1 ≤ f(3) ≤ 20

20.� ' n ∈ N , �J: [x]
1

+ [2x]
2

+ [3x]
3

+ · · ·+ [nx]
n
≤ [nx]

J� � At = [x]
1

+ [2x]
2

+ · · ·+ [tx]
t

, t = 1, 2, . . . , n

	 t = 1 ` , At = A1 = [x] ≤ [1 · x] ∴æPWñ

' t ≤ k ` , At ≤ [tx] Wñ (Ç A1 ≤ [x], A2 ≤ [2x], . . . , Ak ≤ [kx])

∵ A1 = [x]

2(A2 − A1) = [2x]

3(A3 − A2) = [3x]
...

k(Ak − Ak−1) = [kx]
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(k + 1)(Ak+1 − Ak) = [(k + 1)x]

−−−−−−−−−−−−−−
8� ⇒ (k + 1)Ak+1 − (A1 + A2 + · · ·+ ak)

���= [x] + [2x] + · · ·+ [(k + 1)x]

∵∀x, y ∈ R ⇒ [x] + [y] ≤ [x + y] . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (1)
∴(k + 1)Ak+1 = (A1 + A2 + A3 + · · ·+ Ak) + [x] + [2x] + [3x]

� + · · ·+ [kx] + [(k + 1)x]

≤ ([x] + [2x] + [3x] + · · ·+ [kx])

� + ([kx] + [(k − 1)x] + [(k − 2)x]

� + · · ·+ [x]) + [(k + 1)x](∵ hû°�')

= ([x] + [kx]) + ([2x] + [(k − 1)x])

� + ([3x] + [(k − 2)x]) + · · ·+ ([kx] + [x]) + [(k + 1)x]

≤ [(k + 1)x] + [(k + 1)x] + [(k + 1)x]

� + · · ·+ [(k + 1)x] + [(k + 1)x](∵ (1)

= (k + 1)[(k + 1)x]

⇒ Ak+1 ≤ [(k + 1)x]Ç
[x]

1
+

[2x]

2
+ · · ·+ [(k + 1)x]

k + 1
≤ [(k + 1)x]

∴ãó.hû°á:
[x]
1

+ [2x]
2

+ [3x]
3

+ · · ·+ [nx]
n
≤ [nx] Wñ

21.� ' x ∈ R, OÐó y = sin x+1
cos x−2

�t��t�Â?

��(]°×) �

y

θ

1

√
y2 + 1
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Ë\!¶ cos x− 2 ⇒ y cos x− 2y = sin x + 1

⇒ y cos x− y sin x = 1 + 2y

⇒
√

y2 + 1(sin θ cos x− cos θ sin x) = 1 + 2y

⇒
√

y2 + 1 sin (θ − x) = 1 + 2y

⇒ | sin (θ − x)| = |1 + 2y|√
y2 + 1

≤ 1

⇒
√

y2 + 1
2 ≥ |1 + 2y|2

⇒ (4y2 + 4y + 1)− (y2 + 1) = 3y2 + 4y ≤ 0

⇒ −4

3
≤ y ≤ 0

�

(]°Þ) � tan x
2

= t ∈ R, J cos x = 1−t2

1+t2
, sin x = 2t

1+t2

æP ⇒ y =
2t

1+t2
+1

1−t2

1+t2
−2

= t2+2t+1
−1−3t2

�� ⇒ −y− 3yt2 = t2 + 2t + 1 ⇒ (3y + 1)t2 + 2t + (1 + y) = 0

�∵ t ∈ R (Ç]�Pb@q) ∴ D = 4− 4(3y + 1)(1 + y) ≥ 0

��⇒ (3yy2+4y+1)−1 ≤ 0 ⇒ 3y(y+ 4
3
) ≤ 0 ⇒ −4

3
≤ y ≤ 0

�

(]°ë) y �|:WF P (cos cx, sin cx) � A(2,−1) �=aE£

¬ P (cos α, sin α) 3��i x2 + y2 = 1 îº�

Aì%:
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-

6

o
P

A(2,−1)T2

T1

L

x

y

'Ä A �6a L : y − (−1) = m(x− 2) (FEP)

⇒ mx− y − (1 + 2m) = 0

∵iT o �6a L �ûÒ = �5

∴ |−(1+2m)|√
m2+1

= 1
¿]⇒ m2 + 1 = 4m2 + 4m + 1 ⇒ 3m(m + 4

3
) = 0

∴ m = 0 or −4
3
ãî%á

↔
AP �E£ y +y mAT1

� mAT2
� 

Ç −4
3
≤ y ≤ 0

22.� OÐó y = x−√x2 − 1 �Â½

��(]°×) ¿à”��P”

	x1 < x2 ≤ 1` ⇒(x1 −
√

x2
1 − 1)− (x2 −

√
x2

2 − 1)

= (x1 − x2) + (
√

x2
2 − 1−

√
x2

1 − 1)

= (x1 − x2) +
x2

2 − x2
1√

x2
2 − 1 +

√
x2

1 − 1

= (x1 − x2)[1− x2 + x1√
x2

2 − 1 +
√

x2
1 − 1

]

= (x1 − x2) · (
√

x2
2 − 1− x2) + (

√
x2

1 − 1− x1)√
x2

2 − 1 +
√

x2
1 − 1

=� · (Ñ) + (Ñ)

Ñ
< 0

∴y = x−√x2 − 1 ÎL¦Ðó
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	 x = −1 `, y = −1 ⇒ y ≤ −1(x ≤ −1) . . . . . . . . . . . . . . . . . . . (1)

	x4 > x3 ≥ 1` ⇒(x4 −
√

x2
4 − 1)− (x3 −

√
x2

3 − 1)

= (x4 − x3) + (
√

x2
3 − 1−

√
x2

4 − 1)

= (x4 − x3) +
x2

3 − x2
4√

x2
3 − 1 +

√
x2

4 − 1

= (x4 − x3) +
(x3 − x4)(x3 + x4)√
x2

3 − 1 +
√

x2
4 − 1

= (x4 − x3) · (
√

x2
3 − 1− x3) + (

√
x2

4 − 1− x4)√
x2

3 − 1 +
√

x2
4 − 1

=Ñ · (�) + (�)

Ñ
< 0

∴y = x−√x2 − 1 ÎL3Ðó

	 x = 1 ` y = 1 ∴ y ≥ 1

ê y = x−√x2 − 1 > 0 ⇒ 0 < y ≤ 1 (x ≥ 1) . . . . . . . . . . . . . . . (2)

∵ y = x−√x2 − 1 ��L½


{x|x2 ≥ 1} = {x|x ≥ 1Tx ≤ −1} . . . . . . . . . . . . . . . . . . . . . . . . . . . . (3)

∴ã (1)(2)(3)�D¡á: x = 1` y bt�Â 1, ¬ y Pt�Â

(]°Þ) ∵ x ≥ 1 or x ≤ −1 ∴�� x = secθ, θ ∈ [0, π
2
)
⋃

[π, 3
2
π)

J y = secθ − tan θ = 1−sin θ
cos θ

=
1−cos (π

2
−θ)

sin (π
2
−θ)

= tan (π
4
− θ

2
)

∵π
4
− θ

2
∈ (0, π

4
]
⋃

(−π
2

, −π
4

]

ã y = tanx �%�
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-

6y

x0
π
4

π
2

−π
4

−π
2

á y ≤ −1 or 0 < y ≤ 1

∴	 x = 1 ` y bt�Â 1, ¬ y Pt�Â

(]°ë) � u = x, v =
√

x2 − 1 ≥ 0

J u2 − v2 = 1, y = u− v

-

6

I
¿É

(0,−1)

(−1, 0) 0

v

u

u− v = −1
u− v = 0 ÎΓ+ Ý��a

u− v = 1
Γ+ : u2 − v2 = 1, v ≥ 0

(1, 0)

⇒ ã”aPh�” �ÃFá 0 < y ≤ 1 or y ≤ −1

∴	 x = 1 ` y bt�Â 1, ¬ y Pt�Â

23.� ' x, y, z í
Ñó, v x + y + z = 1
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(1) O 1
x

+ 4
y

+ 9
z
Ýt�Â

(2) O
√

x + 1 +
√

y + 1 +
√

z + 1 �t�Â

(3) O 3
√

3x + 7 + 3
√

3y + 7 + 3
√

3z + 7 �t�Â

�� (1) ¿à”Þ���P”

⇒ [(
√

1
x
)2+(

√
4
y
)2+(

√
9
z
)2][
√

x
2
+
√

y2+
√

z
2
] ≥ (

√
1+

√
4+

√
9)2

⇒ 1
x

+ 4
y

+ 9
z
≥ 62

1
= 36

	 (x, y, z) = (1
6
, 1

3
, 1

2
) `, æP�t�Â
 36

(2) ¿à”Þ���P”

⇒ (
√

x + 1 +
√

y + 1 +
√

z + 1)2 ≤ [(
√

x + 1)2 + (
√

y + 1)2 + (
√

z + 1)2]

� · (12 + 12 + 12)

= 3(x + y + z + 3) = 3(1 + 3) = 12

⇒ √
x + 1 +

√
y + 1 +

√
z + 1 ≤ 2

√
3

∴	
√

x+1
1

=
√

y+1
1

=
√

z+1
1

⇔ x = y = z = 1
3
`,

æP�t�Â
 2
√

3

(3) ¿à”Þ���P”

∵ 3
√

3x + 7 · 3
√

8 · 3
√

8 ≤ 1
3
[(3x + 7) + 8 + 8] = x + 23

3

⇒ 3
√

3x + 7 ≤ x+ 23
3

4
= x

4
+ 23

12

!§ 3
√

3x + 7 ≤ y
4

+ 23
12

�� 3
√

3x + 7 ≤ z
4

+ 23
12

∴ 3
√

3x + 7 + 3
√

3y + 7 + 3
√

3z + 7 ≤ 1
4
(x + y + z) + 23

4
= 1

4
+ 23

4
= 6

∴	 3
√

3x + 7 = 3
√

3y + 7 = 3
√

3z + 7 ⇔ x = y = z = 1
3
`, æPb

t�Â 6

24.� ' 0 < a 6= 1, �O k Â, ¸]�P 2 loga (x− ak) = loga (x2 − a2) b

�

��(]°×) æP⇔
{

x− ak > 0
x2 − a2 > 0(x− ak)2 = x2 − a2 ⇒

{
x− ak > 0 · · · · · · (1)
2kx = a(1 + k2) · · · · · · (2)

∵ a > 0 ∴ 	 k = 0 `, (2) PP�
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	 k 6= 0 ` ⇒ x = a(1+k2)
2k

�á (1) ⇒ a(1+k2)
2k

− ak > 0

Ç 1+k2

2k
k = 1−k2

2k
> 0 ⇔ k(1− k)(1 + k) > 0

∴k < −1 or 0 < k < 1

(]°Þ) ®Ðó y = (x− ak)2 � y = x2 − a2 (y ≥ 0) �%�

JÍøF� x 2ýÇ
æ]�PÝ�, �

�¸øF� x 2ý x > ak , ©bËË��

- -

66
< i > ak < −a < ii > 0 < ak < ay y

x x

∴ k < −1 T 0 < k < 1

−a 0
ak

a0 a−aak

�

(]°ë) ∵æ]�P ⇔ loga (x− ak) = loga

√
x2 − a2

Ç x− ak =
√

x2 − a2, ®Ðó y = x− ak, y =
√

x2 − a2 �%�
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-

6
µ

6

µ
µ

µ

I

(0, a)

(0,−ak)

0 a−a

k = −1
k = 0

k = 1¿É

(0,−a)

y = x− ak (E£ = 1 )

⇒ Ë%�bøF`, ^û −ak ��ì�f�:

−ak > a, T −a < −ak < 0 (a > 0)

Ç k < −1 T 0 < k < 1

25.� 'Ðó f(x) = x2 + bx + c, u f(−1 + x) = f(−1− x), f(0) = 4,

	 x > 0 `, f´ f(logb x) � f(logc x) ���

�� ∵ f(−1 + x) = f(−1− x) ∴ f(x) �%�EÌy x = −1

Ç x = −b
2

= −1 ⇒ b = 2

∵ f(0) = 4 ⇒ 4 = 02 + 0 · b + c ⇒ c = 4

⇒ f(x) = x2 + 2x + 4 Í%�Aì:
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-

6y

x−1

�f´ log2 x � log4 x ���:

∵ log4 x = 1
2
log2 x

∴	 x ≥ 1 `, log2 x ≥ log4 x ≥ 0, ãî%á: f(log2 x) ≥ f(log4 x)

	 0 < x < 1 `, log2 x < log4 X < 0, ��f´Þï� −1 ���:

(1) u 0 < x ≤ 1
4
⇒ log2 x < log4 x ≤ −1 ⇒ f(log2 x) > f(log4 x)

(2) u 1
2
≤ x < 1 ⇒ −1 ≤ log2 x < log4 x ⇒ f(log2 x) < f(log4 X)

(3) u 1
4

< x < 1
2
⇒ log2 x < −1 < log4 x < 0,

Ä6�f´ log 2x � log4 x � −1 ÝûÒ

< i > −1 − log2 x = log4 x − (−1) ⇒ log2 x + log4 x = log4 x3 =

−2 ⇒ x = 3

√
1
16

h` f(log2 x) = f(log4 x)

< ii > −1− log2 x > log4 x− (−1) ⇒ 1
4

< x < 3

√
1
16

h` f(log2 x) > f(log4 x)

< iii > −1− log2 x < log4 x− (−1) ⇒ 3

√
1
16

< x < 1
2

h` f(log2 x) < f(log4 x)

ã|îD¡á: �	 x = 3

√
1
16
`, f(log2 x) = f(log4 x)
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�	 x ∈ (0, 3

√
1
16

)
⋃

[1,∞] `, f(log2 x) > f(log4 x)

�	 x ∈ ( 3

√
1
16

, 1) `, f(log2 x) < f(log4 x)

�

26.� OÐó y = 2x
x2+1

�t�Â�t�Â

��(]°×) Ë\!¶| (x2 + 1)

⇒ yx2 + y = 2x ⇒ yx2 − 2x + y = 0

∵ x ∈ R ∴ D = 4− 4y2 ≥ 0 ⇒ y2 ≤ 1 ⇒ −1 ≤ y ≤ 1

(]°Þ) 5ðD¡

	 x = 0 ⇒ y = 0

	 x > 0 ⇒ y = 2× 1
x+ 1

x

∵ x + 1
x
≥ 2

√
x · 1

x
= 2 ∴ y ≤ 2× 1

2
= 1

	 x = 0 ⇒ y = −2 × 1
(−x)+(− 1

x
)

∵ (−x) + (− 1
x
) ≥ 2

√
(−x)(− 1

x
) = 2 ⇒

x + 1
x
≤ −2 ∴ y = 2× 1

x+ 1
x

≥ 2× 1
−2

= −1

ã|îD¡á: −1 ≤ y ≤ 1

(]°ë) � x = tan θ, J

y = 2 tan θ
tan2 θ+1

= sin 2θ ∵ | sin 2θ| ≤ 1 ⇒ −1 ≤ y ≤ 1

(]°°) ¿¢�L

y = 2× x−0
x2−(−1)

= 2mAP

mAP : � AP �E£, Í� A = (−1, 0)

� P (x2, x) �eÎa Γ0 : y2 = x î��F

∴mL2 ≤ mAP ≤ mL1 , L1 � L2 
Ä A(−1, 0) � Γ0 86�àa

∴�� Li : y − 0 = m(x + 1) i = 1, 2

�á Γ0 ⇒ m2(x + 1)2 = x ⇒ m2x2 + (2m2 − 1)x + m2 = 0

∵86 ∴ D = 0 Ç 4m4 − 4m2 + 1− 4m4 = 0

∴ m2 = 1
4
⇒ m = 1

2
or −1

2

⇒ 2× −1
2
≤ y = 2mAP ≤ 2× 1

2
Ç −1 ≤ y ≤ 1
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27.� �á A,B, C í
Þ�, sin2 A + sin2 B + sin2 C = 1

Oß: π
2

< A + B + C < 3 sin−1 1√
3

ß� ∵ sin2 A = 1− sin2 B − sin2 C = cos2 B − sin2 C

� = cos (B + C) · cos (B − C)

∵ 0 < B,C < π
2

∴ cos(B − C) > 0

∵ cos (B + C) = sin2 A
cos (B−C)

∴ cos (B + C) > 0 Ç 0 < B + C < π
2

∵ A 
Þ� ∴ 0 < A + B + C < π

ê sin2 A = cos (B + C) cos (B − C) >

� cos2 (B + C) = sin2 (π
2
−B − C) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (1)

∵ 0 < A, π
2
−B − C < π

2
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (2)

ã (1)(2) ⇒ A > π
2
−B − C ⇒ A + B + C > π

2
. . . . . . . . . . . . . . . . . . . (3)

∵ y = cos x 3 [0, π
2
] %�ì�, A + B, B + C,C + A í
Þ�

5

∴3 cos
2(A + B + C)

3
≥ cos (A + B) + cos (B + C) + cos (C + A) · · · · · · (V)

≥ cos (A + B) cos (A−B) + cos (B + C) cos (B − C)

� + cos (C + A) cos (C − A)

= cos 2A + cos 2B + cos 2C

5Ç 3[1− 2 sin2 (A+B+C)
3

] ≥ [1− 2 sin2 A] + [1− 2 sin2 B] + [1− 2 sin2 C]

⇒ 3 sin2 A+B+C
3

≤ sin2 A + sin2 B + sin2 C = 1

⇒ sin2 A+B+C
3

≤ 1
3
Ç A + B + C ≤ 3 sin−1

√
1
3

= 3 sin−1 1√
3

. . . . . . (4)

ã (3)(4) ⇒ π
2

< A + B + C < s sin−1 1√
3

PS.� (V)P�ß�Aì:

' A,B, C,D í
Þ�, J
cos A+B

2
≥ cos A+cos B

2

cos C+D
2

≥ cos C+cos D
2

]
⇒ cos

A+B
2

+C+B
2

2
≥

cos A+cos B
2

+ cos C+cos D
2

2

⇒ cos A+B+C+D
4

≥ 1
4
(cos A + cos B + cos C + cos D) � D = A+B+C

3

J cos A+B+C
3

≥ 1
4
(cos A + cos B + cos C + cos A+B+C

3
)

É4 ⇒ 3
4
cos A+B+C

3
≥ 1

4
(cos A + cos B + cos C)

� ⇒ 3 cos A+B+C
3

≥ cos A + cos B + cos C
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∵ A + B,B + C, C + A í
Þ�

∴ 3 cos (A+B)+(B+C)+(C+A)
3

≥ cos (A + B) + cos (B + C) + cos (C + A)

Ç 3 cos 2(A+B+C)
3

≥ cos (A + B) + cos (B + C) + cos (C + A)

28.� OÐó y = | sin x|+ sin4 2x + | cos x| �t�Â�t�Â

�� �

∵f(x +
π

2
) = | sin (x +

π

2
)|+ sin4 (2x + π) + | cos (x +

π

2
)

= | cos x|+ sin4 2x + | sin x| = f(x)
∴ π

2
ÎÐó y = f(x) Ý×Í�� (¬�×�Ît���)

∴©m3 [0, π
2
] îD¡ f(x) �t�Â�t�ÂÇ�(¹�D¡P�)

	 x ∈ [0, π
2
] `, f(x) = sin x + sin4 2x + cos x

∵f(x +
π

4
) = sin (x +

π

4
) + sin4 (2x +

π

2
) + cos (x +

π

4
)

= cos (
π

4
− x) + sin4 (

π

2
− 2x) + sin (

π

4
− x) = f(

π

4
− x)

∴ x = π
4
Î y = f(x) �%�Ý×fEÌ�

∴©m3 [0, π
4
] 0 y = f(x) �t�Â�t�Â(ÇD¡P��¹�)

-

6 -

-

y =
√

2
y = 1

0
π
4

−π
4

	 x ∈ [0, π
4
`, sin x + cos x =

√
2 sin (x + π

4
)

∵ y =
√

2 sin (x + π
4
) � y = sin4 2x Þï3 [0, π

4
] í
��L¦

⇒ f(x) 3 [0, π
4
] Î��L¦

∴ f(x) �t�Â = f(0) = 1, f(x) �t�Â = f(π
4
) = 1 +

√
2
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29.� �� 13 Í�8!Ý@ó, �J: Í��KbËÍ@ó x1, x2,

¸ 0 < x1−x2

1+x1x2
< 2−√3

ß� ∵ x1−x2

1+x1x2
, 2−√3 � tan (α− β) = tan α−tan β

1−tan α tan β
, tan 15µ 8n

∴� x1 = tan α, x2 = tan β, J

0 <
x1 − x2

1 + x1x2

< 2−
√

3 ⇔ 0 <
tan α− tan β

1− tan α tan β
< tan 15µ

⇔ 0 < tan (α− β) < tan 15µ(1)
∵ y = tan x:

-

6

0
π
2

−π
2

∴ x � tan x Î××ETÝ ∀x ∈ (−π
2

, π
2
)

∴ (1) P ⇔ 0 < α− β < 15µ

∵ 90µ−(−90µ)
12

= 180µ
12

= 15µ ∴ ã ”CTæ§”á:

3 (−π
2
, π

2
) � ÄbËÍ� α, β �� 0 < α− β < 15µ

⇔ D3Ë@ó x1 = tan α, x2 = tan β

�¸ 0 < tan α−tan β
1−tan α tan β

< tan 15µ Wñ

⇔ 0 < x1−x2

1+x1x2
< 2−√3 Wñ

30.� 3 4ABC �, ∠C ≥ 60µ, �ß: (a + b)( 1
a

+ 1
b
+ 1

c
) ≥ 4 + 1

sin C
2

ß� ã”Ñ<�§”á: a = 2R sin A, b = 2R sin B, c = 2R sin C

∴(a + b)( 1
a

+ 1
b
+ 1

c
)
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= (sin A + sin B)( 1
sin A

+ 1
sin B

+ 1
sin C

)

= 2 + sin A+sin B
sin C

+ sin B
sin A

+ sin A
sin B

= 4 + (sin A−sin B)2

sin A sin B
+ sin A+sin B

sin C

= 4 +
8 cos2 A+B

2
sin2 A−B

2

cos (A−B)−cos (A+B)
+

2 sin A+B
2

cos A−B
2

2 sin C
2

cos C
2

= 4 +
8 cos2 A+B

2
sin2 A−B

2

cos (A−B)−cos (A+B)
+

1−2 sin2 A−B
4

sin C
2

(∵ sin A+B
2

= sin (π
2
− C

2
) = cos C

2
)

= 4 + 1
sin C

2

+ 2 sin2 A−B
4
· [

8 sin2 C
2

cos2 A−B
4

cos2 A−B
2
−sin2 C

2

− 1
sin C

2

] . . . . . . . . . . . . . . . . . (1)

∵ 0 < |A−B
2
| < A+B

2
< π

2
∴ cos2 A−B

2
> cos2 A+B

2
= sin2 C

2
. . . . . . . . . . (2)

ê ∠C ≥ 60µ ∴ 8 sin3 C
2
≥ 8× (1

2
)3 = 1

∴ 8 sin3 C
2

cos2 A−B
4
≥ cos2 A−B

4
≥ cos2 A−B

2
≥ cos2 A−B

2
− sin2 C

2
. . . . (3)

ã (2)(3) ÿ
8 sin2 C

2
cos2 A−B

4

cos2 A−B
2
−sin2 C

2

− 1
sin C

2

≥ 0

�á (1) ⇒ (a + b)( 1
a

+ 1
b
+ 1

c
) ≥ 4 + 1

sin C
2

PS.� b°!.�”Þ���P”ìW: (a + b)( 1
a

+ 1
b
) ≥ 4 �áæP, ÞæP

�;
 (a + b) · 1
c
≥ 1

sin C
2

, ¬�á”Ñ<�§”Çºs¨h­�;	

/ê�



Ï 4 a

ó¡

1.� EyNÍÑJó n > 1, �J� 1
1

+ 1
2

+ 1
3

+ · · ·+ 1
n
�ÎJó�

J� ' H = 1
1

+ 1
2

+ 1
3

+ · · ·+ 1
n

Jó,

' [1, 2, 3, 4, . . . , n− 1, n] = l (Ç l 
 1, 2, 3, . . . , n Ýt�2¹ó)

l ·H = l
1

+ l
2

+ l
3

+ l
4

+ · · ·+ l
n−1

+ l
n

∵n > 1, ∴ 1, 2, 3, 4, . . . , n− 1, n ��Kb×ÍÎ�ó

∴l = [1, 2, 3, 4, . . . , n− 1, n]
�ó

∴l ·H 
�ó . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (1)

� 1, 2, 3, 4, . . . , n− 1, n �Äb×4 2s(s ∈ N),

2s 
�yT�y n �, ©â 2 Ý.ót�ï,

� k = 2s

(
»: ' n = 100, �yT�y 100 �, ©â 2 Ý.ót�ï
 26 = 64
��n = 131, �yT�y 131 �, ©â 2 Ý.ót�ï
 27 = 128

)

�∵l Î 1, 2, 3, 4, . . . , n− 1, n Ýt�2¹ó,

�∴l = 2t · 3p1 · 5p2 · 7p3 · · ·
Í�∵k = 2s Î 2 Ý.ót�ï, ∴s = t,

�Í¸².ó 3, 5, 7, . . . /
�ó,

58
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∴ l
k

= 2t·3p1 ·5p2 ·7p3 ···
2t = 3p1 · 5p2 · 7p3 · · · 
�ó,

�Í¸ l
1
, l

2
, l

3
, · · · , l

n
(tÝ l

k
²) /
�ó,

∴ l
1

+ l
2

+ l
3

+ · · ·+ l
n

�ó, ë; (∵(1) l ·H 
�ó)

∴1
1

+ 1
2

+ 1
3

+ · · ·+ 1
n
�ÎJó�

2.� ' m,n /
²ó, v m2 + 3mn + n2 
��¿]ó, �O���î�

f�ÝXb m,n �Â�

�� (1) ∵m, n 
²ó, ∴m,n ��Î 2, 3, 6k + 1, 6k + 5 (k ∈ N)

� 22, 32, (6k + 1)2, (6k + 5)2 t| 6 Ýõó5½
 4, 3, 1, 1�

(2) ��¢ÑJót| 6 Ýõó��
 0, 1, 2, 3, 4, 5

∴un ∈ N , n�|�î
 6k, 6k+1, 6k+2, 6k+3, 6k+4, 6k+5�

� (6k)2, (6k + 1)2, (6k + 2)2, (6k + 3)2, (6k + 4)2, (6k + 5)2 t| 6

Ýõó5½
 0, 1, 4, 3, 4, 1�

(3) Bã (1),(2) ÝB�, &Æ¼:: m, n Ý����

�

m n
m2 t|

6 Ýõó
3mn t|
6 Ýõó

n2 t|

6 Ýõó
m2 + 3mn + n2

t| 6 Ýõó
��

�|

2 2 4 0 4 2
2 3 4 0 3 1 M

2 6k + 1 4 0 1 5
2 6k + 5 4 0 1 5
3 3 3 3 3 3 M

3 6k + 1 3 3 1 1 M

3 6k + 5 3 3 1 1 M

6k + 1 6k + 1 1 3 1 5
6k + 1 6k + 5 1 3 1 5
6k + 5 6k + 5 1 3 1 5
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(4) (ô) m = 2, n = 3 (TÎ m = 3, n = 2)

m2 + 3mn + n2 = 4 + 18 + 9 = 31 (�))

(õ) m = 3, n = 3

m2 + 3mn + n2 = 9 + 27 + 9 = 45 (�))

(ö) m = 3, n = 6k + 1 (TÎ m = 6k + 1, n = 3) k ∈ N
m2 + 3mn + n2 = 32 + 3 · 3 · (6k + 1) + (6k + 1)2

= 9 + 54k + 9 + 36k2 + 12k + 1

= 36k2 + 66k + 19

= (6k + 5)2 T (6k + 7)2

	36k2 + 66k + 19 = (6k + 5)2

36k2 + 66k + 19 = 36k2 + 60k + 25

6k = 6, k = 1, ∴n = 7

	36k2 + 66k + 19 = (6k + 7)2

36k2 + 66k + 19 = 36k2 + 84k + 49

18k = −30, k =
−5

3
(�))

(÷) m = 3, n = 6k + 5 (k ∈ N)
m2 + 3mn + n2 = 32 + 3 · 3 · (6k + 5) + (6k + 5)2

= 9 + 54k + 45 + 36k2 + 60k + 25

= 36k2 + 114k + 54
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36k2 + 114k + 54 = (6k + 7)2 T (6k + 11)2

	36k2 + 114k + 54 = 36k2 + 84k + 49

30k = −5 k = −1

6
(�))

	36k2 + 114k + 54 = (6k + 11)2

= 36k2 + 132k + 121

18k = −67 k = −67

18
(�))

∴(m,n) = (3, 7) T (7, 3)

3.� �J�An = (2538)n + (2229)n + (2001)n − (90)n − (675)n − (529)n �

|� 2737 Jt�

J� (1) 2737 = 7× 17× 23, &ÆÞ5½J� An �|� 7, 17, 23 Jt�

(2) &ÆÞ¿à¶°2P�

an − bn = (a− b)(an−1 + an−2b + an−3b2 + · · ·+ abn−1 + bn−1)

(3) &Æ¼:9 6 Íót| 7 Ýõó

2538 2229 2001 90 675 529
t| 7 Ýõó 4 3 6 6 3 4

∴An = [(2538)n − (529)n] + [(2229)n − (675)n] + [(2001)n − (90)n]

= 7 · p + 7 · q + 7 · r p, q, r ∈ N

= 7(p + q + r) ∴An 
�7 Ý¹ó
Í��(2538)n− (529)n = (2538− 529)(2538n−1 + 2538n−2 · 529 +

· · ·+ 2538 · 529n−2 + 529n−1)

∵ 529, 5238 t| 7 Ýõó/
 4,
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∴ 2538− 529 
 7 Ý¹ó ∴(2538)n − (529)n 
 7 Ý¹ó

!§ 2229, 675 t| 7 Ýõó/
 3,

��∴ (2229)n − (675)n 
 7 Ý¹ó

��2001, 90 t 7 Ýõó
 6,

��∴ (2001)n − (90)n 
 7 Ý¹ó�

(4) �:9 6 Íót| 17 Ýõó

2538 2229 2001 90 675 529
t| 17 Ýõó 5 2 12 5 12 2

∵2538, 90 t| 17 Ýõó8!,

∴(2538)n − (90)n 
 17 Ý¹ó

∵2229, 529 t| 17 Ýõó8!,

∴(2229)n − (529)n 
 17 Ý¹ó

∵2001, 675 t| 17 Ýõó8!,

∴(2001)n − (675)n 
 17 Ý¹ó

∴An 
 17 Ý¹ó

(5) 9°ót| 23 Ýõó

2538 2229 2001 90 675 529
t| 23 Ýõó 8 21 0 21 8 0

∵2538, 675 t| 23 Ýõó8!,

∴(2538)n − (675)n 
 23 Ý¹ó
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∵2229, 90 t| 23 Ýõó8!,

∴(2229)n − (90)n 
 23 Ý¹ó

∵2001, 529 t| 23 Ýõó8!,

∴(2001)n − (529)n 
 23 Ý¹ó

∴An 
 23 Ý¹ó

6. ∴An 
 7, 17, 23 Ý¹ó∴ An �|� 2737 Jt�

4.� ' P 
×²óv P > 2, � 1
1

+ 1
2

+ 1
3

+ · · ·+ 1
P−1

= b
a
, Í� a, b 
J

ó, �J�P |b

J� 1
1

+ 1
2

+ 1
3

+ 1
4

+ · · ·+ 1
P−2

+ 1
P−1

= (1 + 1
P−1

) + (1
2

+ 1
P−2

) + (1
3

+ 1
P−3

) + · · ·+ ( 1
k

+ 1
P−k

)(
∵P Î²ó, ∴P Î�ó, �P = 2k + 1,
∴� 1

1
Õ 1

P−1
�b�ó4, â?�|Ë4×à

)

= P−1+1
1·(P−1)

+ P−2+2
2·(P−2)

+ P−3+3
3·(P−3)

+ · · ·+ P−k+k
k·(P−k)

= P
1·(P−1)

+ P
2·(P−2)

+ · · ·+ P
k·(P−k)

= P [ 1
1·(P−1)

+ 1
2·(P−2)

+ 1
3·(P−3)

+ · · ·+ 1
k·(P−k)

]

' 1
1·(P−1)

+ 1
2·(P−2)

+ · · ·+ 1
k·(P−k)

�= h
1·2·3···(P−1)

, Í� h ∈ N

J b
a

= P h
1·2·3···(P−1)

�⇒ b · 1 · 2 · 3 · · · (P − 1) = Pha

�⇒ P |b · 1 · 2 · 3 · · · (P − 1)

�⇒ P |b (∵ P 
²ó ⇒ 1, 2, 3, . . . , P − 1 /� P !²)

��
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5.� J��bvGb×Í�Qó n, ¸ÿ 28 +212 +214− 2n 
��¿]ó�

J� ' 28 + 212 + 214 − 2n = P 2, Í� P ∈ N

J 28 + 212 + 214 − P 2 = 2n �28(1 + 24 + 26)− P 2 = 2n

�28(1 + 16 + 64)− P 2 = 2n

�(24 · 9)2 − P 2 = 2n

�(144 + P )(144− P ) = 2n

⇒ 144 + P, 144− P/
 2 ÝØg],

' 144 + P = 2s, 144− P = 2t, s, t ∈ N s > t{
144 + P = 2s · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · (1)
144− P = 2t · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · (2)

⇒ 288 = 2s + 2t = 2t(2s−t + 1)

⇒ 25 · 9 = 2t(2s−t + 1)

⇒
{

2t = 25

2s−t + 1 = 9
⇒ t = 5, 2s−t = 8 = 23

⇒ s = 8

X| 2n = 2s · 2t = 211

�⇒ n = 11

6.� ' n 
ÑJó, [x] 
{úÐr, �î��y x Ýt�Jó,

OJ�[
√

n +
√

n + 1] = [
√

4n + 1] = [
√

4n + 2] = [
√

4n + 3]

J� (1) �J�[
√

4n + 1] = [
√

4n + 2] = [
√

4n + 3]

��ÑJó/�¶W 4k, 4k+1, 4k+2T 4k+3,Í� k ∈ N
⋃{0},

hóÝ¿]
 16k2, 16k2+8k+1, 16k2+16k+4T 16k2+24k+9�

�:�ÑJóÝ¿]t| 4 Ýõó©��
 0 T 1�
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.h 4n + 2, 4n + 3 Ä�
��¿]ó

⇒ D3 m ∈ N ¸ÿ�m2 < 4n + 2 < 4n + 3 < (m + 1)2

⇒ m2 ≤ 4n + 1 < 4n + 2 < 4n + 3 < (m + 1)2

⇒ m ≤ √
4n + 1 <

√
4n + 2 <

√
4n + 3 < m + 1

⇒ [
√

4n + 1] = [
√

4n + 2] = [
√

4n + 3] = m

(2) |J�
√

4n + 1 <
√

n +
√

n + 1 <
√

4n + 2 (Û)

Æ [
√

4n + 1] ≤ [
√

n +
√

n + 1] ≤ [
√

4n + 2]

⇒ [
√

4n + 1] = [
√

n +
√

n + 1] = [
√

4n + 2] = [
√

4n + 3](∵(1))

Û (i) �J
√

n +
√

n + 1 >
√

4n + 1

(
√

n +
√

n + 1)2 − (
√

4n + 1)2

= n + 2
√

n(n + 1) + n + 1− 4n− 1

= 2
√

n(n + 1)− 2n

= 2
√

n(n + 1)− 2
√

n · n > 0

∴ ((
√

n +
√

n + 1)2 > (
√

4n + 1)2

∵ √n,
√

n + 1,
√

4n + 1 > 0

∴
√

4n + 1 <
√

n +
√

n + 1

(ii) �J
√

n +
√

n + 1 <
√

4n + 2 (
√

4n + 2)2 − (
√

n +
√

n + 1)2

= 4n + 2− n− 2
√

n(n + 1)− (n + 1)

= 2n + 1− 2
√

n(n + 1)

=
√

4n2 + 4n + 1)−√4n2 + 4n > 0

∴ (
√

4n + 2)2 > ((
√

n +
√

n + 1)2
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∵ √n,
√

n + 1,
√

4n + 2 > 0

∴ √n +
√

n + 1 <
√

4n + 2

7.� A� x3 + y3 = z3 bJó�, �J� x, y, z 9ëó�×�b×ÍÎ 7 Ý

¹ó�

J� �¢ót| 7 Ýõó��
 0, 1, 2, 3, 4, 5, 6,

∴x, y, z Ä
9 7
, 7k, 7k+1, 7k+2, 7k+3, 7k+4, 7k+5, 7k+6 (k ∈
Z) �Í�×v,

��Ñ x, y, z Î£×v, ÞÍëg]�t| 7, ÿõóAì�

n n3 t| 7 Ýõó

7k 0
7k + 1 1
7k + 2 1
7k + 3 6
7k + 4 1
7k + 5 6
7k + 6 6



1��'n = 7k + 6

n3 = (7k + 6)3 = 73 · k3 + 3 · 72 · k2 · 6 + 3 · 7 · k · 62 + 63

= 7(72 · k3 + 3 · 7 · k2 · 6 + 3 · k · 62) + 216

= 7 · P + 7 · 30 + 6 (P ∈ N)

= 7 · (P + 30) + 6 ∴n3 t| 7 õ 6
∴&Æ�á x3, y3, z3 t| 7 Ýõó�|Î 0, 1, 6,



67 Ï 4 a ó¡

x3 y3 x3 + y3 = z3

0 0 0 x, y, z /
 7 Ý¹ó

0 1 1 x 
 7 Ý¹ó, x, y øðù!

0 6 6 x 
 7 Ý¹ó, x, y øðù!

1 1 2 �) ∵õó�ºÎ 2
1 6 0 z 
 7 Ý¹ó

6 6 5 �) ∵õó�ºÎ 5

��

8.� Þ 32001 ¶��¡, O 32001 Ýy�ó, è�ó, Í�óÝóC5½Î9

K�

�� ¿àÞ4P�§,
(x + y)n =Cn

0 + Cn
1 xn−1y + Cn

2 xn−2y2 + · · ·

+ Cn
n−2x

2yn−2 + Cn
n−1xyn−1 + Cn

nyn

Í� Cn
m = n!

m!(n−m)!

32001 = 3× (32)1000

= 3× (10− 1)1000

(10− 1)1000 = C1000
0 101000 + C1000

1 10999 · (−1) + C1000
2 10998 · (−1)2 + · · ·

+ C1000
997 103 · (−1)997 + C1000

998 102 · (−1)998 + C1000
999 10 · (−1)999

+ C1000
1000(−1)1000

= 1000× P + 49950000− 10000 + 1 (P ∈ N)

= 1000(P + 49950− 10) + 1

= 1000×K + 1 (K ∈ N)

(k = P + 49950− 10)
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


Í� C1000
0 101000 + C1000

1 10999(−1) + · · ·+ C1000
997 × 103 · (−1)997

∵N×4KÎ 103 Ý¹ó,
∴' C1000

0 101000 + C1000
1 10999(−1) + · · ·+ C1000

997 × 103 · (−1)997

�= 1000× P (P ∈ N)




∴32001 = 3× (10− 1)1000

= 3× (1000×K + 1)

= 3000×K + 3
∴32001 Ýy�óCÎ 0, è�óCÎ 0, Í�óCÎ 3�

9.� ' n 
ÑJó, u 2 + 2
√

28n2 + 1 Î×ÍÑJó,

J 2 + 2
√

28n2 + 1 ÄÎ×Í��¿]ó�

�� ∵2 + 2
√

28n2 + 1 ∈ N

∴2
√

28n2 + 1 ∈ N

∴
√

28n2 + 1 ∈ N

∵28n2 + 1 
�ó ∴
√

28n2 + 1 
�ó,

'
√

28n2 + 1 = 2m + 1, m ∈ N

28n2 + 1 = (2m + 1)2 = 4m2 + 4m + 1

7n2 = m(m + 1)�

∵7 Î²ó, ê∵m,m + 1 !², ∴m,m + 1 Þó�Äb×ó
 7 Ý¹

ó,

(1) ' 7|m, ∵ m,m + 1 !², v m(m + 1) = 7n2

∴D3ÞÍ�Qó a, b ¸ÿ{
m = 7a2

m + 1 = b2 �á

∵28n2 + 1 = (2m + 1)2
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∴2 + 2
√

28n2 + 1 = 2 + 2(2m + 1) = 4m + 4 = (2b)2

∴2 + 2
√

28n2 + 1 
��¿]ó ∴Wñ

(2) 7|m + 1, ∵ m,m + 1 !², v m(m + 1) = 7n2

∴D3ÞÍ�Qó c, d ¸ÿ{
m + 1 = 7d2

m = c2

∴c2 + 1 = m + 1 
 7 Ý¹ó, ë;


∵ c2 + 1 
 7 Ý¹ó
�c2 t| 7 ÝõóÎ 6,
¬∵ c t| 7 Ýõó��Î 0, 1, 2, 3, 4, 5, 6
�' c = 7k, 7k + 1, 7k + 2, 7k + 3, 7k + 4, 7k + 5, 7k + 6
c2 t| 7 Ýõó��Î 0, 1, 4, 2
���Î 6, ∴ ë;




∴7|m + 1 Ý���D3,

∴3 7|m Ý��ì, u 2 + 2
√

28n2 + 1 ∈ N

�J 2 + 2
√

28n2 + 1 Î×Í��¿]ó�

10.� ×�ó 2 Î 2 Ý¹ó,�Þ�ó 12 Î 22 Ý¹ó, ë�ó 112 Î 23 Ý

¹ó, °�ó 2112 Î 24 Ý¹ó, "�ó 22112 Î 25 Ý¹ó, �@�Î

Íb×Í 2001 �óÝÑJó A ��� A Î 22001 Ý¹ó, v A ÝN

×�óCKÎ 1 T 2�

J� (1) &Æ�¼:9¿ÍèºÝ£]
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2 = 2× 1

12 = 22 × 3

112 = 23 × 14

2112 = 24 × 132

22112 = 25 × 691
Í� 22112 = 25 × 691, u�'&Æ�á0�ó�, ”122112” T

ï ”222112” ¢ï
 26 Ý¹ó�
'a22112 = a× 100000 + 22112

= 25 × (3125× a + 691)
∵a22112 Ä6
 26 Ý¹ó,

∴3125× a + 691 Ä6
 2 Ý¹ó,

∴3125× a 
�ó

⇒ a 
�ó ∴a = 1

∴122112 
 26 Ý¹ó�

(2) ã (1) Ý.¡�'@�b×ÍÑJó An ��hf�, ¿àó.

hû°¼J�,

	 n = 0 `, 2 Î 2 Ý¹ó

' n = k `Wñ,Ç Ak Î 2k Ý¹ó,�' Ak = 2k ·P (P ∈ N)

	 n = k + 1 `,

�Ak+1 �y 10k × a + An, Í� a Î 1 T 2,

�∴An+1 = 10k × a + 2k × P

&Æ5 P 
�ó��ó¼D¡�



71 Ï 4 a ó¡

(i) P Î�ó, ∵10k = (2 · 5)k = 2k · 5k

�∴10k Ä
 2k Ý¹ó

�∴10k = 2k · 5k

��∵5k Ä
�ó,

∴ Ak+1 = 2k · 5k · a + 2k · P = 2k(5k · a + P )

∵Ak+1 
 2k+1 Ý¹ó,

∴5k · a + P 
�ó,

∵P 
�ó, ∴ 5k × a 
�ó,

∴a 
�ó, ⇒ a = 1

∴D3 (k + 1) �ÑJó Ak+1 
 2k+1 Ý¹ó,Í� Ak+1 Ý

N×�óCKÎ 1 T 2�

(ii) P Î�ó

∵5k · a + P 
�ó,

∵P 
�ó, ∴ 5k × a 
�ó,

∴a 
�ó, ⇒ a = 2

∴D3 (k + 1) �ÑJó Ak+1 
 2k+1 Ý¹ó,Í� Ak+1 Ý

N×�óCKÎ 1 T 2�

ÆÿJ

11.� �J�^b�¢Jó x, y ��� x2 + 3xy − 2y2 = 122

J� (1) ÞÞê;
| x 
�óÝ×-Þg]�P,

x2 + (3y) · x + (−2y2 − 122) = 0
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¾½PD = (3y)2 − 4 · 1 · (−2y2 − 122)

= 9y2 + 8y2 + 488

= 17y2 + 488

(2) &Æ#ì¼ÞJ� 17y2 + 488 ¬�Î×Í��¿]ó

∵ 488 t| 17 õ 12 ê ∵ y ∈ Z

∴ (17y2 + 488) t| 17 ÝõóÎ 12

(3) .XbÝJót| 17,

Íõó��Î 0, 1, 2, 3, 4, . . . , 15, 16 � 17 Ë,

ÆÞXbÝJó5W 17 v,

Ç 17k, 17k + 1, · · · , 17k + 15, 17k + 16, k ∈ Z,

	 n = 17k `, n2 t| 17 ÝõóÎ 0,

�n = 17k + 1, 17k + 16 `, n2 t| 17 ÝõóÎ 1,

�n = 17k + 2, 17k + 15 `, n2 t| 17 ÝõóÎ 4,

�n = 17k + 3, 17k + 14 `, n2 t| 17 ÝõóÎ 9,

�n = 17k + 4, 17k + 13 `, n2 t| 17 ÝõóÎ 16,


∵n = 17k + 4, n2 = (17k + 4)2 = 289k2 + 136k + 16

= 17(17k2 + 8k) + 16 ∴õóÎ 16




�n = 17k + 5, 17k + 12 `, n2 t| 17 ÝõóÎ 8,

�n = 17k + 6, 17k + 11 `, n2 t| 17 ÝõóÎ 2,

�n = 17k + 7, 17k + 10 `, n2 t| 17 ÝõóÎ 15,

�n = 17k + 8, 17k + 9 `, n2 t| 17 ÝõóÎ 13�

(4) � 3 ÝºÕ�á9 17 vÝ�Qó, ^b�¢×v�Qó,Í¿]

t| 17 ÝõóÎ 12,
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∴ x2 + (3x) · x + (−2y2 − 122) = 0 Ý¾½P D = 17y2 + 488 �

��ÎØ�QóÝ¿],

∴ x Ý�^bb§ó, ?^bJó,

∴ ^b�¢Jó x, y ��� x2 + 3xy − 2y2 = 122

12.� ' a, b, c /
Jó, v a2 + b2 = c2, �J�60|abc

J� (1) ' a, b, c ëó/& 3 Ý¹ó,

J a, b, c ëót| 3 Ýõó��Î 1 T 2,

' a, b, c = 3k + 1 T 3k + 2 (k ∈ Z)

J a2, b2, c2 t| 3 Ýõó/
 1,

(a2 + b2) t| 3 Ýõó
 2, ��y c2 t| 3 Ýõó,

ë;, ∴ a, b, c �Kb×óÎ 3 Ý¹ó ∴ 3|abc

(2) ' a, b, c ëó/& 5 Ý¹ó,

J a, b, cëót| 5 Ýõó��Î 1, 2, 3, 4,

' a, b, c = 5k + 1, 5k + 2, 5k + 3 T 5k + 4, (k ∈ Z)

J a2, b2, c2 t| 5 Ýõó��Î 1, 4,

(a2 + b2) t| 5 Ýõó�|Î 2, 0, 3


.
 a2 t| 5 Ýõó b2 t| 5 Ýõó (a2 + b2) t| 5 Ýõó

1 1 2
1 4 0
4 1 0
4 4 3




¬ c2 t| 5 Ýõó�|Î 1, 4 ,ë;, ∴ a, b, c ëó�Kb×ó

Î 5 Ý¹ó, ∴5|abc

(3) ' a, b, c ëó/& 4 Ý¹ó.
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J a, b, c ëót| 8 Ýõó��Î 1, 2, 3, 5, 6, 7,

' a, b, c = 8k + 1, 8k + 2, 8k + 3, 8k + 5, 8k + 6 T 8k + 7, k ∈ Z

J a2, b2, c2 t| 5 Ýõó��Î 1, 4,


a2 t| 8 õó b2 t| 8 õó (a2 + b2) t| 8 õó

1 1 2
1 4 5
4 1 5
4 4 0




(a2 + b2)t| 8 Ýõó��Î 2, 5, 0,

¬ c2 t| 8 Ýõó��Î 1, 4, ë;,

∴ a, b, c �Kb×óÎ 8k T 8k + 4 (k ∈ Z)

∴ a, b, c ëó�Kb×óÎ 4 Ý¹ó, ∴ 4|abc

(4) ∵ 3|abc, 4|abc, 5|abc ∴ 60|abc

13.� ' p ÎÑJó, p > 5, v p, p + 2, p + 6, p + 8 /
²ó,

�J : p + 4 Î 15 Ý¹ó�

J� (1) .
 p + 2, p + 6 /
²ó, �Î 3 Ý¹ó,

∴ p + 5 = (p + 2) + 3 ù/& 3 Ý¹ó,

∴ p + 4 
 3 Ý¹ó (∵=�ëJóÄb×Í
 3 Ý¹ó)

(2) .
 p, p + 2, p + 6, p + 8 /
²ó, /& 5 Ý¹ó,

∴ p + 1 = (p + 6)− 5, p + 3 = (p + 8)− 5 ù/& 5 Ý¹ó,

∴ p + 4 
 5 Ý¹ó (∵=�"ÍJó�Äb×Í
 5 Ý¹ó)

(3) ∴ p + 4 
 15 Ý¹ó�

14.� u a, b 
!²ÝÑJó, v b ≥ 2,
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�J�[a
b
] + [2a

b
] + · · ·+ [ (b−1)a

b
] = (a−1)(b−1)

2

�� '×àa L : y = a
b
x

(1) ' A(1, a
b
) 3 L î, � A ' x �®ka,k�Î A1, J3 AA1,

îÝXbF (A1 t²), Í� y ðý
ÑJóÝF, �b [a
b
] Í�

A
B

C

A1B1C1

P (b, a)

P1(b, 0)0 x

y

(2) ' B(2, 2a
b
)3 Lî, � B ' x�®ka,k�Î B1, J3 BB1î

ÝXbF(B1 t²), Í� y ðý
ÑJóÝF�b [2a
b
] Í�

(3) ' C(3, 3a
b
) 3 L î, � C ' x �®ka,k�Î C1, J3 CC1î

ÝXbF(C1 t²), Í� y ðý
ÑJóÝF�b [3a
b
] Í�

� . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .�

(4) ' P (a, b) 3 L î, � P ' x �®ka, k�Î P1, J3 PP1,

îÝXbF(P1t²), Í� y ðý
ÑJóÝF�b [a] Í�

(5) ∴ ' [a
b
] + [2a

b
] + · · ·+ [ (b−1)a

b
] = m

J m �î3 4OPP1 /IÝ}�FÝóêÝÀõ,
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� ∵ P (b, a), P (b, 0) ∴ 4OPP1/IÝ}�F m = (b−1)(a−1)
2

∴ [a
b
] + [2a

b
] + [3a

b
] + · · ·+ [ (b−1)a

b
] = (b−1)(a−1)

2

�

15.� �J� 100010001, 1000100010001, 10001000100010001, . . .,9°vlÝ

Jó/&²ó�

�� ' fn(x) = 1 + x4 + x8 + x12 + · · ·+ x4n

�fn(10) = 1 + 104 + 108 + 1012 + · · ·+ 104n

J f2(10) = 100010001

�f3(10) = 1000100010001

�f4(10) = 10001000100010001

&Æ. n 5�ó , �ó¼D¡

(1) n ≥ 3 Î�ó`, ' n = 2m + 1,m ∈ N
fn(x) = 1 + x4 + x8 + · · ·+ x4(2m+1)

= (1 + x4) + x8(1 + x4) + x16(1 + x4) + · · ·+ x8m(1 + x4)

= (1 + x4)(1 + x8 + x16 + · · ·+ x8m)

fn(10) = (10001)(1 + 108 + 1016 + · · ·+ 108m)
∴fn(10)�Î²ó�

(2) n Î�ó`, ' n = 2m,m ∈ N
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fn(x) = 1 + x4 + x8 + · · ·+ x4·(2m)

=
1− (x4)2m+1

1− x4

=
1− (x2m+1)4

(1− x2)(1 + x2)

=
[−(x2m+1)2][1 + (x2m+1)2]

(1− x2)(1 + x2)

=
1− (x2m+1)2

1− x2
· 1 + (x2m+1)2

1 + x2

= (1 + x2 + x4 + · · ·+ (x2)2m)(1− x2 + x4 − x6 + · · ·+ (x2)2m)

∴fn(10) = (1 + 102 + 104 + · · ·+ 104m)(1− 102 + 104 − 106 + · · ·+ 104m)

∴ fn(10) �Î²ó�ã (1), (2) �á fn(10) �Î²ó, (n ≥ 2),

∴ 100010001, 1000100010001, 10001000100010001, . . .,

�9°vlÝJó/&²ó�

�

16.� ¸ 26 Jt 51951 + a ÝJó a �Â
¢�

�� ã 51950 +1 = (52 +1)(51948−51946 +51944−· · ·+54−52 +1), 52 +1 = 26

¸ 26|51950 + 1

∴ 51951 + a = (51950 + 1) · 5 + (a− 5), 	 26|a + 51951 ` 26|a− 5,

Ç a = 5 + 26t, a à 26 tõ 5[
Û�| 26 
ÿ`, 51951 + a ≡ (52)975 · 5 + a ≡ (−1)975 · 5 + a( mod 26)
��a− 5 ≡ 0( mod 26), Ç a = 5 + 26t

]

�

17.� 17462 �Í��è�ó
¢�
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�� (1) ÇD¡t| 100 �õó, �1� 4|1720 − 1, 25|1720 − 1�

1720 − 1 = (4 · 4 + 1)20 − 1 = (4a + 120)− 1, Æ 4|1720 − 1

174−1 = (172)2−1 = (5 ·58−1)2−1,Æ 5|174−1,� 174 = 5b+1,

ÿ 1720− 1 = (174)5− 1 = (5b + 1)5 − 1 = (5b)5 + C5
1(5b)4 + · · ·+

C5
4(5b)

∴ 25|1720 − 1 (∵C5
i Î 5 Ý¹ó, Í� i = 1, 2, 3, 4)

(2) ã 4|1720 − 1 � 25|1720 − 1 ÿ 100|1720 − 1, � 1720 = 100c + 1

17462 = (1720)23 · 172 = (100c + 1)23 · 289 = (100d + 123) · 289

Æ 17462 �Í�Î 9, è�Î 8


Û�φ(100) = 40, λ(100) = 20
(100 = 22 · 52, φ(200) = 100(1− 1

2
)(1− 1

5
), λ(100) = [22 − 2, 52 − 5])

ã Euler �§á�100|1720 − 1, 100|1740 − 1
17462 = (1740)11 · 1720 · 172 = 111 · 1 · 289 ≡ 89( mod 100)
ÿÍ�óC 9, è�óC 8




�

18.� �J� 232 + 1 b×Í.óÎ 641

(�á 641 = 54 + 24, 641 = 10 · 26 + 1 = 5 · 27 + 1)

�� 641 = 26 · 10 + 1, 641 = 54 + 24

232 + 1 = 228 · 24 + 1

= 228[641− 54] + 1

= 641 · 228 − (27 · 5)4 + 1

= 641 · 228 − (641− 1)4 + 1

= 641[228 − 6413 + 6 · 6412 − 6 · 641 + 4]
Æ 641|232 + 1
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[Í�(a− b)4 = a4 − 4a3b + 6a2b2 − 4ab3 + b4]

19.� �O y2 − 3xy + x− y = 0 ÝJó��

�� æP;
 x = y2−y
3y−1

, x 
Jó

ÿ 3y2−3y
3y−1

= y + −2y
3y−1

, −6y
3y−1

= −2 + −2
3y−1

.� 3y − 1|2, y = 0 T 1

ÆÍ�
 (0, 0), (0, 1)

20.� O a2 + b2 + c2 + 3 < ab + 3b− 2c ÝJó��

�� a2 + b2 + c2 + 3− ab− 3b + 2c

= a2 − ba + (b2 − 3b + 3) + (c2 + 2c)

= (a− 1
2
b)2 + 3

4
(b− 2)2 + (c + 1)2 − 1

= (a− b
2
)2 + 3( b

2
− 1)2 + (c + 1)2 − 1

ÿ (a− b
2
)2 + 3( b

2
− 1)2 + (c + 1)2 < 1, Z�Jó��`,

. a, b, c ∈ Z, Æ c = −1, ê ( b
2
− 1)2 < 1

3
, b = 1, 2, 3

� b = 1 ` (a− 1
2
)2 < 1

4
, E a ∈ Z ����

�b = 2 ` (a− 1)2 < 1, ÿ a = 1

�b = 3 ` (a− 3
2
)2 < 1

4
, E a ∈ Z ���

∴ a = 1, b = 2, c = −1

21.� (1) O |x|+ |y| < 100 �XbJó�àó�

(2) O |x|+ |y|+ |z| < 100 �XbJó�àó�
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�� (1) �µ x, y ∈ N, x + y < 100 �b 1 + 2 + 3 + ·+ 98 = C99
2 à�

∴ |x|+ |y| < 100�b 4(1+2+ ...+98)+199 ·2−1 = 19801à�

(2) �Qó x, y, z v x + y + z < 100 �b C99
3 à�(

∵1 + (1 + 2) + (1 + 2 + 3) + ... + (1 + 2 + 3 + ... + 97)
= 1

6
· 97 · 98 · 99 = C99

3

)

∴|x|+ |y|+ |z| < 100 �b 8C99
3 + 12C99

2 + 6C99
1 + C99

0 = 1313599

à�

�

22.� ÎÍ�Þ=� 8 ÍJóí5W 2 à, ¸ 1 à 4 ÍóÝ¿]õ�y¨×

à 4 ÍóÝ¿]õ�

�� ��� 1, 2, 3, 4, 5, 6, 7, 8 ÎÍ��í5W 2 àv){Þ��

ã 22 − 12 = 3, 32 − 22 = 5, 42 − 32 = 7, 52 − 42 = 9, 62 − 52 = 11,

�72 − 62 = 13, 82 − 72 = 15, · · ·
3, 7, 11, 15�, . 3 + 15 = 7 + 11, ÿ (22− 12) + (82− 72) = (42− 32) +

(62 − 52)

∴ 12 +42 +62 +72 = 22 +32 +52 +82,Í� 1+4+6+7 = 2+3+5+8
3×���ì, ã22 + 52 + 72 + 82 = 32 + 42 + 62 + 92,

32 + 62 + 82 + 92 = 42 + 52 + 72 + 102, · · ·
(a + 1)2 + (a + 4)2 + (a + 6)2 + (a + 7)2

= 4a2 + 2(1 + 4 + 6 + 7)a + (12 + 42 + 62 + 72)

= 4a2 + 2(2 + 3 + 5 + 8)a + (22 + 32 + 52 + 82)

= (a + 2)2 + (a + 3)2 + (a + 5)2 + (a + 8)2

ÿ (a + 1)2 + (a + 4)2 + (a + 6)2 + (a + 7)2
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= (a + 2)2 + (a + 3)2 + (a + 5)2 + (a + 8)2 ­Wñ,

Æ, ��=� 8 ÍJó�5W 2 à, 1 à 4 ÍÝ¿]õ�y¨×ÍÍ

õ 4 ÍÝ¿]õ,

A 612 + 642 + 662 + 672 = 622 + 632 + 652 + 682

23.� à 1997 · 1998 + 1�t 199710 + 19975 Ýõó,¤ó
¢�

�� � a = 1997 · 1998 + 1, a = 19972 + 1997 + 1|19973 − 1,

ê 19973 − 1|19979 − 1, Æ a|19979 − 1
199710 + 19975 = (19979 − 1) · 1997 + (19973 − 1) · 19972 + [19972 + 1997]

= aq + r

Í�r = 19972 + 1997 · · · · · ·õó

q = (1997− 1)[19976 + 19973 + 1] · 1997 + (1997− 1) · 19972

= 19978 − 19977 + 19975 − 19974 + 19973 − 1997 · · · · · ·¤ó
�

24.� ã�Õ�Ý=� 2n + 1 Í�Qó���G n + 1 ÍóÝ¿]õ�y¡

n Í�QóÝ¿]õ, �®Îø°�Qó�(»A 32 + 42 = 52)

�� (1) ã 32 + 42 = 52 Ð�W=�ëó a, a + 1, a + 2 b a2 + (a + 1)2 =

(a + 2)2 Ýn;`,

ÿ a2 − 2a− 3 = 0, a = 3 T a = −1 (�D¡ a < 0),

©b 32 + 42 = 52

(2) ã a2 + (a + 1)2 + (a + 2)2 = (a + 3)2 + (a + 4)2

ÿ a2 − 8a− 20 = 0, (a− 10)(a + 2) = 0

©b a = 10, 102 + 112 + 122 = 132 + 142
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(3) ã a2 +(a+1)2 +(a+2)2 +(a+3)2 = (a+4)2 +(a+5)2 +(a+6)2,

ÿ a2 − 18a− 63 = 0

(a − 21)(a + 3) = 0, ©b a = 21, 212 + 222 + 232 + 242 = 252 +

262 + 272

(4) !§�ÿ 362 + 372 + 382 + 392 + 402 = 412 + 422 + 432 + 442,

552 + 562 + 572 + 582 + 592 + 602 = 612 + 622 + 632 + 642 + 652

×���, ' 2n + 1 Íó a, a + 1, a + 2, . . . , a + 2n ���

a2 +(a+1)2 + . . .+(a+n)2 = (a+n+1)2 +(a+n+2)2 + ...+(a+2n)2,

ÿ: 0 = a2 +2[(1+2+ . . .+n)− (n+1)− (n+2)− (n+3)− . . .− 2n]a

��+[(12 + 22 + . . . + n2)− (n + 1)2 − (n + 2)2 − . . .− (2n)2]

∴a2 − 2n2a− [12 + 22 + 32 + . . . + (2n)2] + 2(12 + 22 + ... + n2) = 0

;�W a2 − 2n2a− n2(2n + 1) = 0, (a + n)[a− (2n2 + n)] = 0

.� a = 2n2 + n, h` n = 1, a = 3; n = 2, a = 10; n = 3, a = 21; · · ·
Ç

∑n
k=0(2n

2 + n + k)2 =
∑n

k=1(2n
2 + 2n + k)2

»A n = 6 `, 782 + 792 + 802 + 812 + 822 + 832 + 842 = 852 + 862 +

872 + 882 + 892 + 902

[
Û�12 + 22 + 32 + · · ·m2 = 1

6
m(m + 1)(2m + 1)

]

�

25.� =�ëÍóÝ¿]õ���y¨×ÍóÝ¿]õ[�

�� ÌD 12 + 22 + 32 = 14, 22 + 32 + 42 = 29, 32 + 42 + 52 = 50, · · ·
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14, 29, 50, . . . K�Î¿]ó

3×���ì,ë=�ó�¿]õ a2 +(a+1)2 +(a+2)2 = 3a2 +6a+5,

� 3a2 + 6a + 5 = 3(a2 + 2a + 1) + 2, ¸ 3a2 + 6a + 5 à 3 tõ 2,

¬¿]ó���bà 3 tõ 2 Ý��

(.�×ó b, �µ b = 3k, b = 3k + 1, b = 3k + 2 D¡,

ÿ b2 = 3(3k2), 3(k2 + 2k) + 1, 3(3k2 + 4k + 1) + 1,

¸ b2 t| 3 �õó
 0 T 1, ∴ b2 ���à 3 tõ 2)

.h 3a2 + 6a + 5 ×��Î¿]ó, ùÇ�

=�ëÍóÝ¿]õ×��Î¿]ó�

26.� 1���� (a, b, c) = 1(ëó!²) v a2 + b2 + c2 = d2 ÝÑJó�b

P§9à��

�� �ãÑ�ó m, Ñ�ó n v (m,n) = 1,m > n

� a = 2mn, b = m2 − n2, c = 1
2
(a2 + b2 − 1), d = 1

2
(a2 + b2 + 1)

ã (m,n) = 1, |á (a, b) = 1 C (a, b, c) = 1

a2 + b2 = (m2 + n2)2 
�y 1 Ý�ó¸ c, d í
�Qó

ê d2 − c2 = (d + c)(d− c) = (a2 + b2).1

ÿ a2 + b2 + c2 = d2, Í� (a, b, c) = 1(
»A22 + 32 + 62 = 72, 82 + 92 + 122 = 172, 22 + 102 + 252 = 272,
��22 + 142 + 492 = 512, 162 + 12 + 1282 = 1292, . . .

)

. a 
�ó, b 
�ó¸ a2 + b2 à 4 tõ 1, c 
�ó

� b bP§Í ( �¸ n ü�, m ��)

Æ�� a2 + b2 + c2 = d2 v (a, b, c) = 1 �ÑJó�bP§9à
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

Û�uáà4tõ1ÝÑ²ópÄ
ÞJóÝ¿]õ
��72 · 53 = 72(72 + 22)v72 · 53 = 53 · 49 = (51 + 2)(51− 2) = 512 − 22

�� ∴72(72 + 22) = 512 − 22,ÿ492 + 142 + 22 = 512




[
ê52 · 29 = 52(52 + 22)v52 · 29 = 29 · 25 = (27 + 2)(27− 2) = 272 − 22

∴ 52 · (52 + 22) = 272 − 22,ÿ252 + 102 + 22 = 272

]

27.� ã

32−2·22 = 1, 172−2·122 = 1, 5772−2·4082 = 1, 6658572−2·4708322 = 1

&PÝn;,

A¢�á]�P a2 − 2 · b2 = 1 bP§9àó�?

�� 12 = 2 · 3 · 2, 408 = 2 · 17 · 12

1+2 ·122 = 1+2(2 ·3 ·2)2 = (32−2 ·22)2 +8 ·32 ·22 = (32 +2 ·22)2 = 172

1 + 2 · 4082 = 1 + 2(2 · 17 · 12)2 = (17 · 2 − 2 · 122)2 + 8 · 172 · 122 =

(172 + 2 · 122)2 = 5772

!§ 470832 = 2 ·577 ·408, 665857 = 5772 +2 ·4082 ¸ (665857, 470832)

Î a2 − 2b2 = 1 Ý×à�, Ç 6658572 − 2 · 4708322 = 1 Wñ

×���, x2 − 2y2 = 1 �×à� (a1, b1) � b = 2a1b1, a = a2
1 + 2b2

1

h` a2
1 − 2b2

1 = 1, a2 − 2b2 = (a2
1 + 2b2

1)
2 − 2(2a1b1)

2,

∴a2 − 2b2 = (a2
1 − 2b2

1)
2, .� a2 − 2b2 = 1 ÿ (a, b) 
 x2 − 2y2 = 1 Ý

×à�

Û�i =
√−1, �ó z �� |z|2 = |z2|

1. z = a + bi, a � b 
@ó`

|z|2 = a2 + b2, z2 = (a2 − b2) + 2abi, |z|2 =
√

(a2 − b2)2 + 4a2b2
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∴(a2 + b2)2 = (a2 − b2)2 + (2ab)2

2. z = a + b
√

2i, a � b 
@ó`,

|z|2 = a2+2b2, z2 = (a2−2b2)+(2
√

2ab)i, |z2| =
√

(a2 − 2b2)2 + 2(2ab)2

∴(a2 + 2b2)2 = (a2 − 2b2)2 + 2(2ab)2

Æ	 a2 − 2b2 = 1 ` (a2 + 2b2)2 − 2(2ab)2 = 1, ¸ (a2 + 2b2, 2ab)


 x2 − 2y2 = 1 Ý×à�

�

28.� Þ 42 + 52 + 62 = 22 + 32 + 82 ¤g¼]õ�]ÝóC, »A 42, 53, 68

��ÿ 422 + 532 + 682 = 242 + 352 + 862, 
%�÷�

�� 422 + 532 + 682 = (40 + 2)2 + (50 + 3)2 + (60 + 8)2

= (402 + 502 + 602) + (22 + 32 + 82) + 2[40 · 2 + 50 · 3 + 60 · 8]

= 100(42 + 52 + 62) + (22 + 32 + 82) + 20[4 · 2 + 5 · 3 + 6 · 8]

= 100(22 + 32 + 82) + (42 + 52 + 62) + 20[2 · 4 + 3 · 5 + 8 · 6]

= (202 + 302 + 802) + (42 + 52 + 62) + 2[20 · 4 + 30 · 5 + 80 · 6]

= (20 + 4)2 + (30 + 5)2 + (80 + 6)2 = 242 + 352 + 862

∴422 + 532 + 682 = 242 + 352 + 862

29.� ÌD 3 · 12− 2 · 12 = 1, 3 · 92− 2 · 112 = 1, 3 · 892− 2 · 1092 = 1, 3 · 8812−
2 · 10792 = 1 �P, ÎÍ�ÿ 3a2 − 2b2 = 1 bP§9à��

�� 1. ã 89 = 10 · 9− 1, 881 = 10 · 89− 9, ã a = 10 · 881− 89 = 8721

ã 109 = 10 · 11− 1, 1079 = 10 · 109− 11, ã b = 10 · 1079− 109 =
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10681

ÿ 3a2 − 2b2 = 3[10 · 881− 89]2 − 2[10 · 1079− 109]2

�= 102[3 · 8812 − 2 · 10792] + [3 · 892 − 2 · 1092]

��−20[3 · 881 · 89− 2 · 1079 · 109]

Í� 3 · 8812 − 2 · 10792 = 1, 3 · 892 − 2 · 1092 = 1

3 · 881 · 89− 2 · 1079 · 109 = 3[10 · 89− 9] · 89− 2[10 · 109− 11] · 109

= 10[3 · 892 − 2 · 1092]− [3 · 89 · 9− 2 · 109 · 11]

= 10− [3 · (10 · 9− 1) · 9− 2 · (10 · 11− 1) · 11]

= 10− 10[3 · 92 − 2 · 112] + [3 · 9− 2 · 11]

= 10− 10 + 5 = 5

∴2a2−2b2 = 102 ·1+1−20·5 = 1,Ç (8721, 10681)
 3a2−2b2 = 1

Ý×àJó�

2. ûî, ã 3 · 8812 − 2 · 10792 = 1 C 3 · 87212 − 2 · 106812 = 1,

�ã a = 10 · 8721− 881 = 86329, b = 10 · 10681− 1079 = 105731,

¸ (86329, 105731)
 3a2− 2b2 = 1Ý×àJó�,��JAì�

3a2 − 2b2 = 3[10 · 8721− 881]2 − 2[10 · 10681− 1079]2

= 100[3 · 87212 − 2 · 106812] + [3 · 8812 − 2 · 10792]

�−20[3 · 8721 · 881− 2 · 10681 · 1079]

Í� 3 · 87212 − 2 · 106812 = 1, 3 · 8812 − 2 · 10792 = 1

3 · 8721 · 881− 2 · 10681 · 1079 = 3[10 · 881− 89] · 881− 2[10 ·1079−
109] · 1079

= 10[3 · 8812 − 2 · 10792]− [3 · 881 · 89− 2 · 1079 · 109]
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= 10 · 1− 5 = 5, Í� 3 · 881 · 89− 2 · 1079 · 109 = 5

3. ×���,ãhû°J���á 3a2a1−2b2b1 = 5, 1 = 3a2
1−2b2

1 =

3a2
2 − 2b2

2 v

an = 10an−1 − an−2 � bn = 10bn−1 − bn−2 `

' 1 = 3a2
n − 2b2

n = 3a2
n−1 − 2b2

n−1 WñC 2anan−1 − 2bnbn−1 = 5

Wñ

(1) 3an+1an − 2bn+1bn = 3(10an − an−1)an − 2(10bn − bn−1)bn

= 10[3a2
n − 2b2

n]− [2anan−1 − 2bnbn−1] = 10 · 1− 5 = 5

¸ 3an+1an − 2bn+1bn = 5 ùWñ

(2) 3a2
n+1 − 2b2

n+1 = 3[10an − an−1]
2 − 2[10bn − bn−1]

2

= 100[3a2
n − 2b2

n] + [3a2
n−1 − 2b2

n−1]− 20[3anan−1 − 2bnbn−1]

100 · 1 + 1− 20 · 5 = 1

¸ 3a2
n+1 − 2b2

n+1 = 1 ùWñ

Æá 3a2
1 − 2b2

1 = 3a2
2 − 2b2

2 = 3a2
3 − 2b2

3 = · · · = 3a2
n − 2b2

n = 1 ­

Wñ, Í� < an >=< 1, 9, 89, ... > C < bn >=< 1, 11, 109, ... >

v 3anan−1 − 2bnbn−1 = 5

30.� ëÍ=��QóÝñ]õºÎñ]ó[�

�� ã 13 = 1, 23 = 3+5, · · · , n3 = (n2−n+1)+(n2−n+3)+· · ·+(n2+n−1)
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



33 = 7 + 9 + 11
43 = 13 + 15 + 17 + 19
53 = 21 + 23 + 25 + 27 + 29
63 = 31 + 33 + 35 + 37 + 39 + 41

33 +43 +53 = (7+9+11)+(13+15+17+19)+(21+23+25+27+29)

= 12
2
[7 + 29] = 12

2
· 36

� 63 = 31+33+35+37+39+41 = 6
2
[31+41] = 6

2
·72,á 33+43+53 = 63

×����u�Qó n � m �� n3 + (n + 1)3 + (n + 2)3 = m3 `,
n3 + (n + 1)3 + (n + 2)3 = (n2 − n + 1) + (n2 − n + 3) + (n2 − n + 5) + ...

+ (n2 + 5n + 5)

=
3n + 3

2
[(n2 − n + 1) + (n2 + 5n + 5)]

=
3n + 3

2
[2n2 + 4n + 6]

� m3 = (m2 − m + 1) + (m2 − m + 3) + ... + (m2 + m − 1) =

m
2
[(m2 −m + 1) + (m2 + m− 1)] = m

2
[2m2]

	

{
3n + 3 = 2m
2n2 + 4n + 6 = m2 ` (3n+3)2 = 8n2+16n+24, n2+2n−15 = 0,

ÿ n = 3, Ç 33 + 43 + 53 = 63

ê n3 + (n + 1)3 + (n − 1)3 = m3 ⇔ 3n(n2 + 2) = m3, *ß m = 3
2
n,

ÿ n = 4, Ç 33 + 43 + 53 = 63

(1) m > 3
2
n `

m3 − 3n(n2 + 2) > (3
2
n)3 − 3n3 − 6n = 3

8
n(n + 4)(n − 4), Ey

n ≥ 4 ­b m3 − 3n(n2 + 2) > 0,

Ç (n− 1)3 + n3 + (n + 1)3 6= m3

(2) m < 3
2
n `

m3 − 3n(n2 + 2) < (3
2
n)3 − 3n3 − 6n = 3

8
n(n + 4)(n − 4), Ey
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n ≥ 4 ­b m3 − 3n(n2 + 2) < 0,

Ç (n− 1)3 + n3 + (n + 1)3 6= m3

(3) m = 3
2
n `

m3 = 3n(n2 + 2) ⇔ (3
2
n)3 = 3n(n2 + 2) ⇔ n(n + 4)(n− 4) = 0 ⇔

n = 4

ã (1), (2), (3) ÿá�

ëÍ=��QóÝñ]õ
ñ]óÝ�µ©b×Ë,Ç 33 +43 +53 = 63

�

31.� ÌD� 13+63 = 93−83, 23+173 = 413−403, 33+343 = 1153−1143, 43+

573 = 2493 − 2483

�J�lA b3 + c3 = a3 − (a − 1)3 v b, c !²ÝóE (a, b, c) bP§

9à�

�� ã (b + c)(b2 − bc + c2) = 3a(a− 1) + 1, b + c Î 3a(a− 1) + 1 Ý.ó,

¸ b + c à 3 tõ1 (∵b3 + c3 = (b + c)[(b + c)2− 3bc], b + c ���

à 3 tõ 2 T 0)
�b + c = 1 + 6 = 7 = 3 · 2 · 1 + 1

b + c = 2 + 17 = 19 = 3 · 3 · 2 + 1

b + c = 3 + 34 = 37 = 3 · 4 · 3 + 1

· · · · · · · · · · · · · · · · · · ⇒ b+c−1
3

= (b + 1)b

�? b = n, b + c = 3 · (n + 1) · n + 1, c = 3n2 + 2n + 1
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.�3a · (a− 1) = b3 + c3 − 1 = n3 + (3n2 + 2n + 1)3 − 1

= 3[9n6 + 18n5 + 21n4 + 15n3 + 7n2 + 2n]

= 3(3n3 + 3n2 + 2n + 1)(3n3 + 3n2 + 2n)
ÿ a = 3n3 + 3n2 + 2n + 1, Ç�� b, c !²� (a, b, c) bP§9à, Í

� b3 + c3 + (a− 1)3 = a3

��Aì:
n 1 2 3 4 5 6
b 1 2 3 4 5 6
c 6 17 34 57 86 121
a 9 41 115 249 461 769

I(n) I(1) I(2) I(3) I(4) I(5) I(6)

Í�





I(1) : 13+ 63+ 83 = 93

I(2) : 23+ 173+ 403 = 413

I(3) : 33+ 343+1143 = 1153

I(4) : 43+ 573+2483 = 2493

I(5) : 53+ 863+4603 = 4613

I(6) : 63+1213+7683 = 7693

�

/ê�
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1.� ��×Í 4ABC, ÍË\ BC C AC 5½�i O 86y E C F F,

�áað AB ;ÄiT O, v CD kà AB y D F

(a) �J�àa CD Î ∠EDF Ý�¿5a;

(b) �J� AE, BF,CD ëa�F

C

E

BD OA

F

�� (a) ãC,F,D, O°F�i,�ÿ∠CDF = ∠COF ,!§,ãC,D, O, E

°F�i, �ÿ ∠CDE = ∠COE, . 4COF ∼= 4COE, Æ

∠COF = ∠COE, yÎ�ÿ ∠CDF = ∠CDE, hJ�Ýàa

CD 
 ∠EDFÝ�¿5a

91
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(b) ã 4AOF ∼ 4ACD, �ÿ AF
AD

= OF
CD

!§, ã 4BOE ∼ 4BCD, �ÿ BE
BD

= OE
CD

. OF = OE, Æ AF
AD

= BE
BD

ê. CE = CF , yÎÿ AD
BD

· BE
CE

· CF
AF

= 1

.h, ã Ceva �§á AE, BF,CD ëa�F

2.� ' 4ABC ë\� BC = a, CA = b, AB = c, ë/�
 α, β, γ,

«�
 4,' G
4ABC /I×F�� ∠GAB = ∠GBC = ∠GCA =

ω,

�J�

(1) cot ω = cot α + cot β + cot γ

(2) cot ω = a2+b2+c2

44

�� (1) 3 4AGC �, ∠AGC = 180 µ − ω − (α− ω) = 180 µ − α

3 4BGC �, ∠BGC = 180 µ − ω − (γ − ω) = 180 µ − γ

�Ê 4AGC,4BGC C 4ABC áÑ<���
GC

sin (α−ω)
= b

sin\AGC
⇒ GC

sin (α−ω)
= b

sin α
. . . . . . . . . . . . . . . . . . . . . . . . . (1)

GC
sin ω

= a
sin\AGC

⇒ GC
sin ω

= a
sin γ

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .(2)
a

sin α
= b

sin β
= 2R . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (3)

ã (1)(2)(3) �� a, b C GC, ÿ
b

sin α
sin (α− ω) = a

sin γ
sin ω ⇒ sin β

sin α
sin (α− ω) = sin α

sin γ
sin ω

⇒ sin (α− ω) sin β sin γ = sin2 α sin ω = sin α sin ω sin (β + γ)

Æ (sin α cos ω−cos α sin ω) sin β sin γ = sin2 α sin ω = sin α sin ω(sin β cos γ+

cos β sin γ)

Ë\!t| sin α sin ω sin β sin γ ÿ

cot ω − cot α = cot γ + cot β

X| cot ω = cot α + cot β + cot γ

(2) ã«�2Pá� 24 = bc sin α = ac sin β = ab sin γ,

ãõ<�§á�
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cos α = b2+c2−a2

2bc
· cos β = a2+c2−b2

2ac
· cos γ = a2+b2−c2

2ab

⇒ cot α = cos α
sin α

= bc
24 · b2+c2−a2

2bc
= b2+c2−a2

44
!§, cot β = a2+c2−b2

44 , cotγ = a2+b2−c2

44
Æ, cot ω = cot α + cot β + cot γ = a2+b2+c2

44

3.� ��×Íi/#°\� ABCD Ey°\� ABCD Ý²#iî²y

A,B,C � D Ý��F P , 'àa PC �àa AB øy E, àa PD

�àa AB øy F , �J�

AF ·BE

EF

�Â(Ç� P Ý�HPn)

�� �¡F P 3²#iÝ£×ð=î, K�ÿ

AF ·BE
AB·EF

=
(S4PAF )·(S4PBE)

(S4PAB)·(S4PEF )
= (PA·PF sin\APF )(PB·PE sin\BPE)

(PA·PB sin\APB)(PE·PF sin\EPF )
=

sin (
_

AD)
2

×sin (
_

BC
2

)

sin (
_

AB)
2

×sin (
_

CD
2

)

.
îP¼ÐÝ AB ��ÐÝfÂKÎ�F P PnÝ�Â, X|, �

áfÂ AF ·BE
EF


�Â

4.� ¿«îbëÍiËË8ø, NËÍiÝøX�×f2�<��0�9ë

f2�<� Xb��Ýn;(A!8kà�¿��øy×F�øyË

F · · · ), ¬J���

�� A%, uëiÝiT3!×faî, .
ËiÝ2�<kày¸ÆÝ

=Ta,X|ëf2�<!8¿��uëiÝiT��a, ' AB, CD

ÝøF
 P , E 
i O2, O1 ×ÍøF, ;� EP �i O2, O1 5½ø

y G,H; J3i O1 �,

�PA · PB = PC · PD . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (1)

3i O2 �,

�PA · PB = PE · PG . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (2)

3i O3 �,

�PC · PD = PE · PH . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (3)
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ã (1)(2) �ÿ�PC · PD = PE · PG . . . . . . . . . . . . . . . . . . . . . . . . . . . . .(4)

ã (3)(4) ê�ÿ�PE · PH = PE · PG

X| PH = PG, Ç G � H ¥)�!§, G �Ëi O2, O3 ÝøF F

ô¥)�X|ëÍiÝëf2�< AB, CD, EF øy×F�

O1

O2

O3

P

F

A

D

BC

E

5.� �á°\� ABCD/#×i, E, F, G,H °F5½3 AB, BC, CD, DA

\î, v AE
EB

= DG
GC

= AD
BC

, AH
HD

= BF
FC

= AB
DC
�'àa AD � BC 8øy

L F, àa AB � CD 8øy M F (A!%)�= EG, FH��J�:

(1) EG ¿�y ∠ALB �¿5a LX�

(2) EG � FH !8kà�

MCG

X

F

B
E

N

A

H

D
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J� 1o. '
←→
DA,

←→
BC ø� I,

I

/
A

E

B
K

G CD

3 DB îã K, ¸ Ek//AD, Ð GK, J GK//BC,

(∵ DG
GC

= AE
EB

= DK
KB

)

v EK
AD

= AE
EB

, GK
BC

= DG
CD

,

EK = BE
AE+BE

· AD = 1
AE
BE

+1
· AD = 1

AD
BC

+1
· AD = 1

1
BC

+ 1
AD

GK = DG
DG+GC

·BC = 1
1+ GC

DG

·BC = 1
1+ AC

AD

·BC = 1
1

BC
+ 1

AD

∴ EG = GK
®
−→
IX//

−−→
GEJ∠KEG = ∠AIX

∠KGE = ∠XIB

⇒ −→
IX 
 ∠AIB ��¿5a

∴ GE//∠AIB ��¿5a

!§ FH//∠←→AB 

←→
CD ø��¿5a

2o. Aì%,
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I

J

A

X

C

B

IX ¿5 ∠AIB

JX ¿5 ∠BJC

⇒ ∠IXJ = 1
2
∠A + ∠C

3o. ã 2o.←→
AB�

←→
CDø��¿5a ⊥ ←→

AD�
←→
BCø��¿5a

(Ç∠AIB) (Ç∠BJC)
(∵ A,B, C, D �i, ∴ ∠IAB � ∠BJC !� )

ã 1o. ∴ GE ⊥ FH

�

6.� ' 4ABC 
Þ�ë��, P 3 BC î, Q 3 AC î, R 3 AB î�u

4PQR 
 4ABC Xb/#ë���ø�t�ï,

�J: AP, BQ, CR 5½
 4ABC ë\Ý{�

J� ' 4PQR 
 4ABC �Xb/#ë���bt�ø�ï

(1) JÚ P,Q 
�F, R 
 AB î×F¸ PR + QR 
t�,

yÎ ∠PRB = ∠QRA,

!§�J ∠AQR = ∠CQR, ∠CQP = ∠BPR
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A

Q

C
P

R

B
xx

y

y
z

z

' ∠BPR = ∠CPQ = x, ∠CQP = ∠AQR = y,

� ∠ARQ = ∠BRP = z

J: ∠A + y + z = ∠B + z + x = ∠C + x + y = 180 µ

��(180 µ − 2x) + (180 µ − 2y) + (180 µ − 2z) = 180 µ

��ÿ: x = ∠A, y = ∠B, z = ∠C

(2) ' 4DEF 
k�ë��

A

CB

F
E

D

∵ AD, BE, CF 
ë{ ∴ B, D, E, A °F�i ⇒ ∠CED = ∠B

ê C, E, F, D °F�i ∴ ∠AEF = ∠B

Æá ∠CED = ∠AEF = ∠B

!§: ∠BDF = ∠CDE = ∠A, ∠AFE = ∠BFD = ∠C
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(3) ã (1)(2), 4PQR Ý&\Ä�k�ë�� 4DEF !8¿�,

.h: 4PQR Ä
k�ë��

Ç AP, BQ, CR 5½
 4ABC ë\Ý{

7.� ' ABCD 
×Í°«�; K, L,M, N °F5½3 AB, BC, CD, DA î

(²ycF)�J� K,L, M, N °F�¿«Ý��f�


AK

KB
· BL

LC
· CM

MD
· DN

NA
= 1

J� (i) u K, L, M,N °F�¿«, �h�«
 E

Ä A,B, C,D 5½'¿« E ®ka, �k�5½
 A′, B′, C ′, D′

J AK
KB

= AA′
BB′

, BL
LC

= BB′
CC′

, CM
MD

= CC′
DD′

, DN
NA

= DD′
AA′

X|

AK

KB
· BL

LC
· CM

MD
· DN

NA
=

AA′

BB′ ·
BB′

CC ′ ·
CC ′

DD′ ·
DD′

AA′ = 1

(ii) u

AK

KB
· BL

LC
· CM

MD
· DN

NA
= 1

K,L, M ëFX�×Í¿«, 'h¿«
 E, .
 A � B 3 E

Ý²�, B � C 3 E Ý²�, C � D 3 E Ý²�, X| A �

D 3 E Ý²�, B ôµÎ1að AD �¿« E b×øF, �h

øF
 N ′�ã (i) á

AK

KB
· BL

LC
· CM

MD
· DN

NA
= 1

X|
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DN

NA
=

DN ′

N ′A

¬ N,N ′ K3 DA î, X| N ′ � N Ä¥), Ç N Fô3¿«

E î, Ç K,L, M, N °F�¿«�

8.� ' P Î 4ABC /I×F, àa AP � BC øy D, àa BP � CAø

y E, àa CP � AB øy F�u AP : PD = BP : PE = CP : PF ,

�J P Î 4ABC Ý¥T�

J� 34PBC �4PEF �,.
 BP
PE

= CP
PF

(= r)v ∠BPC = ∠EPF ,X

|, 4PBC ∼ 4PEF ,ãhÿ BC
EF

= rv∠PBC = ∠PEF, BC//EF�

!§, CA
FD

= AB
DE

= r, CA//FD, AB//DE�.
 EFBD � EFDC K

Î¿�°\�, X|, E\�8��yÎ, BD = EF = CD, Ç : D

Î BC Ý�F, E Î CA Ý�F, F Î AB Ý�F�ãh�á P Î

4ABC Ý¥T�

9.� 'i/Ë< AB, CD øyi/×F E, 3àað EB Ý/Iã×F M ,

Q¡ÄF D, E, M ®i, 3Ä E ®hiÝ6a5½øàa BC, AC y

F F,G, J�: AM
MB

= GE
EF
�

J� Ä D ® A,M, B Ý=a



100 Ï 5 a ¿¢

C BF

E

G

D

M

A

(1) ∵ ∠CEF = ∠DEG = ∠EMD, ∠ECF = ∠MAD

∴ 4CEF ∼ 4AMD

∴ CE ·MD = AM · EF

(2) ∠ECG = ∠MBD
∠CGE = ∠CEF − ∠ECG

= ∠EMD − ∠MBD = ∠BDM
∴ 4CGE ∼ 4BDM

∴ CE ·MD = GE ·MB

(3) Æ AM · EF = GE ·MB

∴ AM
MB

= GE
EF

10.� �°\� ABCD ÝË\ AD,BC ;�¡øy K, Ë\ AB, CD ;�

¡øy L, E�a BD, AC ;�¡5½�àa KL øyF, G�

OJ: KF
LF

= KG
LG
�
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LF

B

K

A

C

D

G

J�

KF

LF
=
4KBD

4LBD
(0×fàa BD � KL øy F )

=
4KBD

4KBL
· 4KBL

4LBD

=
CD

CL
· AK

AD
KG

LG
=
4ACK

4ACL

=
4ACK

4ACD
· 4ACD

4ACL

=
AK

AD
· CD

CL�

11.� C 
i O î
_

AB Ý�F, P 

_

AB 8=î ( ��À A,B ) Ý�×F,

OJ: (AP + BP ) : CP 
�Â�
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P

A

C
B

J� 	 P É�Õ A F`, AP = 0, BP = AB, CP = AC

Æ�?9Í�ÂÎ AB : AC

= AC, AB, ã Ptolemy �§

AP ·BC + AC ·BP = AB · PC

∵ AC = BC

∴ (AP + BP ) : PC = AB : AC

12.� ¿«î��×ÍÞ�ë�� ABC, ÄcF B Ý{ø| AC 
à5Ýi

y P, Q,ÄcF C Ý{ø| AB 
à5Ýiy M, N ,OJ: M, N,P, Q

�i�

N

Q

M

CB D

H

A

P
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J� ' AD 
 BC \îÝ{, H 
¥T,

∵ A,N, D, M �i ∴ AH ·HD = NH ·HM

∵ A,P, D, Q �i ∴ AH ·HD = PH ·HQ

∴ NH ·HM = PH ·HQ

∴ M, N, P, Q �i

13.� u' A, B, C, D
¿«î°Í8²F,J AB ·CD+BC ·AD ≥ AC ·BD

�rWñÝ��f�Î A,B, C, D µ�
iîÝ°ÍF�

J� ' A(z1)B(z2)C(z3)D(z4) 
�ó¿«îÝ°Í8²F,

ê ∵ (z2 − z1)(z4 − z3) + (z3 − z2)(z4 − z1) = (z3 − z1)(z4 − z2)

� ∴ |z2 − z1||z4 − z3|+ |z3 − z2||z4 − z1| ≥ |z3 − z1||z4 − z2|
�rWñ ⇔ (z4 − z3)(z2 − z1) � (z3 − z2)(z4 − z1) b8!]'

���� ⇔ z2−z1

z4−z1
· z4−z3

z3−z2
= r, r > 0

���� ⇔ arg z2−z1

z4−z1
+ arg z4−z3

z3−z3
= 00

���� ⇔ A,B,C,D 
�aT�i°F

14.� �áë�� S−ABC �, 9 ABC 
Ñë��, S 3 4ABC �TÝÑ

î], v8ÏÝË�«ÝÞ«�
 2α, 9«�TÕ�§ÝûÒ OE = 1,

A%Xî�

S

C

A

B

E

O

G

F
2α

O S − ABC ����
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�� ® EG ⊥ SB, EG ø AB y G, ® EF ⊥ SB, EF ø BC y F ,

J ∠FEG = 2α,

ãÑë��ÝEÌP, 4EBG ∼= 4EBF

∴ EG = EF,BG = BF, FG//AC

∵ Ä×F�kày×àaÝXbàaK3!×¿«î,

∴ EF, OE,EG 3×!×¿«î, ê ∵ F,O, G K3¿« ABC î

∴ F,O, G 3×faî, ∴ FO = OG,AC = 3
2
FG

3�T 4FEG �, FG = 2OE · tan α ⇒ AC = 3 tan α

3Ñ 4ABC �, OB =
√

3
3

AC =
√

3 tan α

3à� 4OEB �, EB =
√

OB2 −OE2 =
√

3 tan2 α− 1

∵ 4OEB ∼ 4SOB ∴ SO = OE·OB
EB

=
√

3 tan α√
3 tan2 α−1

∴ VS−ABC =
1

3
· S4ABC ·OS

=
9 tan3 α

4
√

3 tan2 α− 1�

/ê�



Ï 6 a

à)

1.� X = {1, 2, 3, . . . , n}, A1, A2, . . . , AtÎX Ý�!�/, F = {A1, A2, . . . , At}
Î X Ý�/H, A� F �Ý�ËÍ/) Ai, Aj(1 ≤ i ≤ j ≤ t) !��

â, Oß, F �Ý-ôÍó�9
 Cn
[n
2
]

J� (1) ' Y = {x1, x2, . . . , xn} 
 X �-ôÝ×Í4�, ÍG« k Í-

ôª�|àWØ×Í Ai Ý4°b k!(n− k)! Í, (k = |Ai| = Ai

�Ý-ôÍó)

(2) .
 F �^b�Ë-ô!8�â,

.h, u Ai, Aj ∈ F, i 6= j, |Ai| = k, |Aj| = l, Y1, Y2 /
 X �-

ôÝ×Í4�, Y1 ÝG k Í-ôàW Ai, Y2 ÝG l Í-ôàW

Aj, J Y1 6= Y2

(3) 'âb k Í-ôÝ Ai b fk Í, (k = 1, . . . , n),

J
∑n

k=1 fkk!(n− k)! ≤ n!

(4) XOÝÍó∑n
k=1 fk ≤ Cn

[n
2
] ·

∑n
k=1 fk · k!(n−k)!

n!
≤ Cn

[n
2
] . . . . . . . . . (I)

Û: 3 (I) �, G«Ý��P�WñÝæ.Î3XbÝ Cn
k �| Cn

[n
2
]
t�

, .h, E k = 1, 2, . . . , n

Cn
n
2
· k!(n−k)!

n!
≥ 1

105
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�¡�ðÝ��P�WñÝæ.
 (3) Ý��

2.� Þ�Qó n ¶W k Í�QóÝõ, Ç:

n = n1 + n2 + · · ·+ nk(1 ≤ k ≤ n, n1 ≤ n2 ≤ n3 ≤ · · · ≤ nk ≤ 1)

Ì�õÎ n Ý×Í k 5t, | P (n, k) � n Ý�! k 5tÝÀó,

ß�: P (n, k) �� P (n + k, k) = P (n, 1) + P (n, 2) + · · ·+ P (n, k)

J� �P¼\�î n + k Ý k 5tó, ��\�î n ��y k Ý5tó

Àóõ,

'G×Ë5txW/) X, ¡×Ë5txW/) Y

&Æ�L×Íã X → Y ÝÌ f Aì:

� X �, n + k = (n1 + 1) + (n2 + 1) + · · ·+ (nm + 1) + 1 + 1 + · · ·+ 1

(� k 4), 1 ≤ m ≤ k

ETÕ Y �

n = n1 + n2 + · · ·+ nm + 0 + 0 + · · ·+ 0 (� k 4)

Ç f((n1 + 1) + (n2 + 1) + · · ·+ (nm + 1) + 1 + 1 + · · ·+ 1)

= (n1 + n2 + · · ·+ nm + 0 + 0 + 0 + · · ·+ 0)

|ßhÐó
 1 E 1, vÌW, .h, |X| = |Y |,
ÇXkß��PWñ

Û: (1) ß��,b×Í n Ý m 5tÇb×Í (n1 + 1) + (n2 + 1) + · · ·+
(nm + 1) + 1 + · · · ) �¸ET, Æ
×E×vÌW

(2) kßË/)-ô8�, ðàÝWð�×-Î3Ë/)� , �ñ

×Í”E ”(×E×vÌW)

3.� a = n!, b = 2× 4× 6× 8× · · · × 2m

ß� a = b Î���Ý

J� àDß°:

' n! = 2× 4× 6× · · · × 2m = 2m ·m! m ≥ 2

⇒ n > 3 ⇒ 3|n! v 3|2m ·m!
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3 n! C 2m ·m! �,�âbÝ 3 Ý�gTÎ8!Ý

⇒ n! �9f m! 9� 2 Í8¶Ý4, (ÍJº9�×Í 3 Ý.ó)

(1) u n = m + 1, J

n! = 2mm! ⇒ m + 1 = 2m ⇒ m = 1 � m ≥ 2 ë;

(2) u n = m + 2

⇒ (m + 2)(m + 1) = 2m ⇒ m = 0 µQ� m ≥ 2 ë;

ã (1)(2) �á, n! ����y 2m ·m!

4.� ' n
×ÍÑJó,/) S = {1, 2, . . . , 2n}Ý×Í4� {x1, x2, . . . , x2n}
�, A�b |xi − xi+1| = n, EØÍ i Wñ, £�9Í4�Ì
ÌbP²

p, Oß: ÌbP² p Ý4�9y�ÌbP² p Ý4�

J� n = 1 `, Í����Wñ�

�' n = 2�

xCËÍ/):

A = {x|x 
×Í S Ý4�, x �ÌbP² p}
B = {x|x 
×Í S Ý4�, x �ªb×Í |xi − xi+1| = n}
�ß��Ìb p P²Ý4�ó |A| �yÌbP² p Ý4�ó m

&Æ¿àß� |A| ≤ |B| < m ¼�W:

´�� A Õ B �×ÍET

' (x1, x2, . . . , x2n) ∈ A ⇒ ∀i i ≤ i ≤ 2n− 1 íb |xi − xi+1| 6= n

∵ |x1 − x2| 6= n ¬D3°×Ý xk �� |x1 − xk| = n, k ≥ 3

&Æ�Þ x1 �� xk �G, ��W×Í±Ý4�

(x2, x3, . . . , xk−1, x1, xk, . . . , x2n) 9Í4�©b |x1 − xk| = n

⇒ (x2, x3, . . . , x1, xk, . . . , x2n) ∈ B

��|�, 9ÍETã

(x1, x2, . . . , xk, . . . , x2n) → (x2, x3, . . . , x1, xk, . . . , x2n) 
 1 − 1, .h

|A| ≤ |B| . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (1)
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¨×]«, |B| �Q�y m . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (2)

ã (1)(2) �á, |A| ≤ |B| < m 9µß�ÝÍÞÝúÞ

5.� � {1, 2, . . . , n} �ó� k 4Ý�}L¦ó�, N8ÏË4Ý-��y

m, v m(k − 1) < n, ®b9KË�!Ýó°?

�� 'XãÝL¦ó�ÝÏ×4
 x1 +1,Ï 24
 (x1 +1)+(x2 +1), · · · ,
Ï k 4
 (x1 + 1) + (x2 + 1) + · · ·+ (xk + 1)

Í� 0 ≤ xi ≤ m− 1, (2 ≤ i ≤ k)

∵ (x1 + 1) + (x2 + 1) + · · ·+ (xk + 1) ≤ n

' x2 + x3 + · · ·+ xk = r ⇒ 0 ≤ x1 ≤ n− k − r

∴ x1 �|ã n− k − r + 1 ÍÂ

ETyN×Í x1 ÝãÂ, ©���Õ�)y 0 ≤ xi ≤ m − 1 C

x2 + x3 + · · ·+ xk = r Ýf�Ý x2, x3, . . . , xk Jó�Ýàó αr O�,

�&ÆkOÝó°µÎ
∑

αr(n− k − r − 1) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (1)

Í� αr ª
 (1 + x + x2 + · · ·+ xm−1)k−1 "P� xr Ý;ó . . . . (M)

�
∑

αr(n− k − r − 1) = (n− k − 1)
∑

αr −
∑

rαr

3P�©��O�
∑

αr C
∑

rαr Ç�

ã (1 + x + x2 + · · ·+ xm−1)k−1 =
∑

αrx
r . . . . . . . . . . . . . . . . . . . . . . . . (2)

⇒ (1 + 1 + 1 + · · ·+ 1)k−1 =
∑

αr ⇒
∑

αr = mk−1 . . . . . . . . . . . . . . . (3)

3 (3) P�, � x = 1 + y

⇒ (1 + (1 + y) + (1 + y)2 + · · ·+ (1 + y)m−1)k−1 =
∑

αr(1 + y)r

⇒ (m+ 1
2
(m− 1)my +(1+3+6+10 · · · )y2 + · · · )k−1 =

∑
αr(1+ ry +

Cr
2y

2 + · · ·+ yr)

⇒ mk−1+mk−2·(k−1)· 1
2
m(m−1)y+· · · = ∑

αr(1+ry+Cr
2y

2+· · ·+yr)

f´ y4;óÿ
∑

rαr = (k − 1)mk−1 · m−1
2

. . . . . . . . . . . . . . . . . . . . . . (4)

⇒ XOÝó°
∑
αr(n− k − r − 1) (∵(1))

= (n− k − r) ·mk−1 − (k − 1)mk−1 · m−1
2

(∵(3),(4))
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= mk−1(n− 1
2
(k − 1)(m− 1))

�°�, (M)�¨Ý]°Ì
ÒÐó]°, 9Ë]°EOb§×ÝJ

ó�O°b8	�Ý[�, Âÿ
×M@\	

6.� S = {1, 2, 3, . . . , n}, A ⊂ S Þ A �-ôã�Õ�4�¡, ãt�Ýó�

�, Æø23, �¡×Íó, |��4�¡, 
 9, 6, 4, 3, 1 Íøýõ
:

9− 6 + 4− 3 + 1 = 5

OXb��øýõÝõ

�� Þ S Ý�/5
Ëv:

×
�â n Ý�/ F , Ç

F = {x ⊂ S|n 6∈ x}
¨×v
â n Ý�/ F ′, Ç

F ′ = {x ⊂ S|n ∈ x}

(1) ∵n 6∈ x ⇒ Xb {1, 2, 3, . . . , n− 1} Ý�/Íó |F | = 2n−1

(2) ' A ∈ F ′, � A− {n} = B ⇒ B ∈ F

(3) xC×ÍÐó f : F ′ → F v f(A) = B J f 
 1− 1

(4) ' A = {n, x1, x2, · · · , xm}, n > x1 > x2 > · · · > xm

⇒ B = {x1, x2, · · · , xm}
A �øýõ
 n− x1 + x2 − · · ·+ (−1)mxm

B �øýõ
 x1 − x2 + X3 − · · ·+ (−1)m−1xm

A � B ÝøýõÝõ
 n

(5) 9ËøýõÝõ�b |F | E
∴XbÝøýõÝõ
 n · 2n−1

7.� ×ÍãCÒ A T B àWÝ ”C” , 3Í�!Ý4��, u3 A �¡�

¨Ý B, &ÆÌ
×Í ”AB”, |!øÝ]P�|�L� ”BA” ”AA”
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”BB”, »A3ì�Ý ”C”

AABBAAAABAABBBB �&Æ�|\�:

5 Í ”AA”, 4 Í ”BB”, 3 Í ”AB”, 2 Í ”BA”

�¯O�à 15 ÍCÒ A T B, Í�ªb 2 Í ”AA”, 5 Í ”BB”, 3 Í

”AB”, 4 Í ”BA”, �!Ý ”C” �b9KÍ?

�� u9ÍCã A ��, vb 3 Í ”AB”, Äb

AA · · ·ABB · · ·BAA · · ·ABB · · ·BA · · ·AB · · ·BAA · · ·A Ý�P, Í

�G�b 2 ÍT 3 Í ”BA” �Þ��), Æ��ã A ��,

.h, 9Í ”C” Äã B ��, vbì�Ý�P:

BB · · ·BAA · · ·ABB · · ·BA · · ·AB · · ·BA · · ·AB · · ·BA · · ·A
'9Í ”C” �, ����µ�b n1 Í B, �¡b m1 Í A, �¡b

n2 Í B, m2 Í A,n3 Í B, m3 Í A,n4 Í B, m4 Í A,

N n1 Í B µb n1 − 1 Í ”BB”, m1 Í A µb m1 − 1 Í ”AA”,

· · · · · · , n4 Í B µb n4− 1 Í ”BB”, m4 Í A µb m4− 1 Í ”AA”,

ãÞ�Ý�O, &Æb:

(n1 − 1) + (n2 − 1) + (n3 − 1) + (n4 − 1) = 5

(m1 − 1) + (m2 − 1) + (m3 − 1) + (m4 − 1) = 2

⇒
{

n1 + n2 + n3 + n4 = 9
m1 + m2 + m3 + m4 = 6

Í� n1, n2, n3, n4,m1,m2,m3,m4 ∈ N

n1 + n2 + n3 + n4 = 9 ÝÑJó�
 C8
3 , �

m1 + m2 + m3 + m4 = 6 ÝÑJó�
 C5
3 ,

∴À�b C8
3 × C5

3 = 560 Í�!Ý ”C”

8.� Ñâ\� ABCDEFGH �, ×wY�ãcF A |×gã×ÍcF®

Õ8ÏcFÝ]P, ®'Ec E, v¾Õ E F`Ç�c®��' pn �

îY�ã AB n MÝ®�Õ E Ý�!­5Ý]°ó,

Oß: u2m−1 = 0, u2m =
√

2
2

(αm−1 − βm−1) m = 1, 2, 3, . . .

α = 2 +
√

2, β = 2−√2

J� 'ãcF AB nM,®Õ A,B, C,D, E Ý]°ó,5
 an, bn, cn, dn, en,
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Í� pn = en, �p0�:



en = 2dn−1 . . . . . . . (1)
dn = cn−1 . . . . . . . . . (2)
an = 2bn−1 . . . . . . . (3)
cn = bn− 1 + dn−1(4)
bn = an−1 + cn−1 . . (5)

ã (1)(2) ÿ dn−1 = 1
2
en, cn−1 = dn = 1

2
en+1 �á (4)

⇒ bn−1 = 1
2
(en+2 − en) ã (3) ÿ an = en+2 − en

�á (5) ÿÕ en+3 − 4en+1 + 2en−1 = 0, Ç

pn+4 − 4pn+2 + 2pn = 0 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (6)

n = 1, 2, 3, 4 5½ÿÕ p1 = p2 = p3 = 0, p4 = 2 . . . . . . . . . . . . . . . . . . . (7)

(6) PÝ©Ç]�P


x4 − 4x2 + 2 = 0 Í©�5½


α1 =
√

2 +
√

2, α2 = −α1, α3 =
√

2−√2, α4 = −α3

∴Í;�
:

pn = [A1 + (−1)nA2]α
n
1 + [A3 + (−1)nA4]α

n
3 �| (7) Ý��f�ÿ:




(A1 − A3)α1 + (A3 − A4)α3 = 0
(A1 + A3)α

2
1 + (A3 + A4)α

2
3 = 0

(A1 − A3)α
3
1 + (A3 − A4)α

3
3 = 0

(A1 + A3)α
4
1 + (A3 + A4)α

4
3 = 2

�|�ÿ A1 = A2 = 1
4
√

2
α2

3, A3 = A4 = −1
4
√

2
α2

1

⇒	n = 2m− 1` pn = 0

n = 2m` p2m =
α2

1α
2
3

2
√

2
[(α2

1)
m−1 − (α2

3)
m−1]

=

√
2

2
(αm−1 − βm−1)

9.� b n Í-ô, a1, a2, . . . , an, àW n Í-ôE p1, p2, . . . , pn

�á, °v°u ai � aj àW×Í ”E” `, pi C pj b2�-

ß�: NÍ {a1, a2, . . . , an} �Ý-ô, Kòy {p1, p2, . . . , pn} �ÝËÍ
-ôE

J� � A = {a1, a2, . . . , an}, B = {p1, p2, . . . , pn}, {B = {(pi, pj) : i <



112 Ï 6 a à)

j, pi

⋂
pj 6= φ},, ��áÿ |B| = |B| = n . . . . . . . . . . . . . . . . . . . . . . . . . . (1)

'NÍ ai �¨3 di Í B �Ý-ôE,

⇒ d1 + d2 + · · ·+ dn = 2n(∵ B �b n Í-ôE, NÍ-ôEbËÍ

-ôàW) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (2)

B =
∑n

i=1(
di
2 ) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (3)

(1), (3) ⇒ ∑n
i=1(

di
2 ) = n . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (4)

ã (2) C (4) á

d2
1 + d2

2 +. . . . . . . . . . . . . . . . . . . . . . +d2
n = 4n,

∑
1≤i<j≤n 2didj = 4(n2 − n)

X|
∑

1≤i<j≤n(di − dj)
2 = (n− 1)

∑n
i=1 d2

i −
∑

1≤i<j≤n 2didj = 0

��d1 = d2 = · · · = dn

Æ d1 = d2 = d3 = · · · = dn = 2,Ç�îNÍ A �Ý-ôª�¨3 B

�ÝËÍ-ô�

10.� �á�Qó n , �QóÝó� a1, a2, . . . , ak(k ≥ n) §� n ûÅó�,

Í��f�
: ãó���*I	4¡�|ÿÕ 1, 2, 3, . . . , n Ý�×Í

4�, (»A n = 3, ó� 1, 2, 3, 1, 2, 1, 3 ÎûÅÝ, .
×��|ºì

1, 2, 3; 1, 3, 2; 2, 1, 3; 2, 3, 1; 3, 1, 2; 3, 2, 1

� 1, 2, 3, 2, 1, 3, 1 �ÎûÅÝ, .
P¡A¢ºKP°ºì4� 3, 1, 2

(1) Ü� n2 − n + 1 4Ý n ûÅó�

(2) ß� n ûÅó��Ky 1
2
n(n + 1) 4

(3) ß�: ��tyÝ 4 ûÅó�ã 12 4àW

�� (1) Þ 1, 2, 3, . . . , n ¥«¶ (n− 1)g, ¬3�I�î×Í 1

1, 2, 3, . . . , n︸ ︷︷ ︸
Ï×à

, 1, 2, . . . , n︸ ︷︷ ︸
ÏÞà

, · · · , 1, 2, . . . , n︸ ︷︷ ︸
(n−1)à

, 1 Ç
XO

¯@îA�4� k1, k2, . . . , kn �bØ°=�Ý4ÎL¦Ý,J9°

4�|ã�!×à, Íõ&4J3&à��Ã, A� k1, k2, . . . , kn


��Y�, Jt¡×Í ”1” µsßn"®à
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(2) àó.hû°ß�

	 n = 1 ` �QWñ

' n = k − 1 ` �¡Wñ, #ì¼�Ê n = k Ý��

n = k

1, 2, 3, . . . , k 9 k Íó� , Äb×ó3ó�ÝÏ k 4¡Äb

1, 2, . . . , (k − 1) ÝûÅó�, .h

k + 1
2
(k − 1)k = 1

2
k(k + 1)

(3) ' In 
 n ûÅó�Ýt���, �Q I1 = 1, I2 = 3

n = 3 `uØÍó3ó��, ©�¨ 1 g,

Jhó�Ý�� > I2 + 1 + I2 = 7

uN×Íó3ó���©�¨Ä×g, Jb×Íó(»A 3)Ï×

g3Ï 34TÏ 34�¡�¨,¬v3¸¡«�Kb×Í 3C I2

4ã 1, 2XàWÝ 2ûÅó�,Jhó�Ý�� ≥ 3+1+ I2 = 7,

.h I3 ≥ 7, !§:

I4 ≥ 4 + 1 + I3 = 12 , 9�î I4 �K� 12 4, ¬6@jxC×

ÍûÅó�, ¯@î,

1, 2, 3, 4, 1, 2, 3, 1, 4, 2, 3, 1 Î×Í 4 ûÅó�

11.� E�¢�Qó n ≥ 3, 3�h¿«îD3×Í n ÍFÝ/), -ÿN×

EF� ûÒÎP§ó, ¬vNëÍFXxWÝë��
&ëÝb§ó

, �ß�

J� ÍÞ
×ÍD3PÝß�, .h©��xó�×Í@», Ç�ß�Ý

ÍÞ, ¨3
�xC

(1) 3Ðó y = x2 îãF Pi = (i, i2), i = 1, . . . , n |áP�¢ëF

�a, ÆXxWÝ 4 «�Ä�
ë
(2) �ËF� ÝûÒ


|PiPj| =
√

(i− j)2 + (i2 − j2)2 = |i−j|
√

1 + (i + j)2 i = 1, 2, . . . , n
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∵(i + j)2 < (i + j)2 + 1 < (i + j + 1)2

∴
√

(i + j)2 + 1 
P§ó

(3) 4PiPjPk Ý«�


1
2

∣∣∣∣∣∣

1 i i2

1 j j2

1 k k2

∣∣∣∣∣∣
= 1

2
(i− j)(j − k)(k − i) ∈ Q

9ß�Ý&ÆXxCÝ n ÍFÝ/))yÞ�Ý�O

12.� E×Íã�á!²Ý@óó� {r1, r2, . . . , rn} 
�×g ”E®”, Î¼:

ÞÏ×4�ÏÞ4f´, uv°u¡ï´�`, !ðËï�H, Q¡Þ±

ÝÏÞ4�Ïë4f´, 3gÞ´�ÝðÕG«, · · · àÕÏÞ4!8f
´, Þ�Ýw3G«�»A:

1, 9, 8, 7 → 1, 9, 8, 7 → 1, 8, 9, 7 → 1, 8, 7, 9


×gE®, h`ã 1, 9, 8, 7 �
 1, 8, 7, 9 �Q�×�áó�í�DÄ

b§gÝE®, ¸ÍW
×ÍL¦ó��*' n = 40, v r1, r2, . . . , r40

!�8!, ¬�^4�, '|V5ó p
q
�îBÄ×gE®�¡, Þæ¼

ÝÏ 20 4 r20 ðÕÏ 30 4 r30 Ý^£, O p + q �Â

�� BÄ×gE®¸ r20 �
±ó�ÝÏ 30 4Ý��f�


r20 = max{r1, r2, . . . , r30} v r20 < r31

⇔ 3G 31 4�Ï 31 4t�, Ï 20 4g�

⇒ ^£
 29!
31!

= 1
930

⇒ p + q = 930 + 1 = 931

13.� b×ûùrD5½
 000, 001, . . . , 999 ÝßÒC×yÍrD5½


00, 01, . . . , 99 ÝÆ� , A�Æ�ÝrD�ãßÒÝrDÀ�×ÍóC

ÿÕ, £�9ùßÒµ�|wá�Æ�, OJ:

(1) �ÞXbÝßÒw
 50 ÍÆ�

(2) ��ÞßÒwáK� 40 ÍÆ�

(3) 'ßÒr²
°�ó, vÆ�ÝrD�|ãJÒÝrDÀ�ËÍó

CÿÕ`, µ.&ÞßÒwá9ÍÆ�, Oß: Xb°�rDÝJ
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Ò�|w
 34 ÍÆ�

�� (1) Þ {0, 1, 2, . . . , 9} 5v
 A = {0, 1, 2, 3, 4}, B = {5, 6, 7, 8, 9}
A,B &�|àW 52 = 25 ÍrDÝÆ�, ?�@Ý1°, _r
:

00, 01, 02, 03, 04; 10, 11, 12, 13, 14; 20, 21, 22, 23, 24; 30, 31, 32, 33, 34;

40, 41, 42, 43, 44C 55, 56, 57, 58, 59; 65, 66, 67, 68, 69; . . . ; 95, 96, 97, 98, 99,

9 50 ÍÆ�µ�È

(2) rD�!ï, Ä6wá 00, 11, 22, . . . , 99 �è©Æ�, X|9èÍ

Æ�
Ä6¸à

rD��8!ïb 10× 9× 8 = 720 ù, Ä6wárDóC�!

ÝÆ�, N×Í9ËÆ�, t9©�wá 3 × 8 = 24 ùJÒ, .

h�àÕ 720÷ 24 = 30 ©Æ�

∴tK�à 10 + 30 = 40 ©Æ�

(3) .�wáì�_rÝÆ�:

00, 01, 02, 10, 11, 12, 20, 21, 22, 33, 34, 35, 43, 44, 45, 53, 54, 55, 66, 67,

68, 69, 76, 77, 78, 79, 86, 87, 88, 89, 96, 97, 98, 99

14.� è �b 2001 ÍF, Í��ëF��a, .¸Æ5WFó�!Ý 30 à,

3ëÍ�!Ýà�&ã×F
cF, ®ë��, �¸ë��ÝÀót9,

&àÝFóT
9K?

�� '&àFóµ�
 a1, a2, . . . , a30 v

a1 < a2 < a3 < · · · < a30

´��ß�, k¸ë��Àót9JN×àFó-��øÄ 2, àD

ß°

' b ak C ak+1 �-�Ky 3 Ç ak+1 − ak ≥ 3

&Æ5½�ÕËË5°X®ßÝë��Àó

(1) bÞà(Ï k à�Ï k + 1 à)�Fó-�Ky 3 ï
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N =
∑

1≤i<j<r≤30

aiajar

= ak · ak+1 ·
∑

1 ≤ i ≤ 30
i 6= k, k + 1

ai + (ak + ak+1) ·
∑

1 ≤ i < j ≤ 30
i, j 6= k, k + 1

aiaj

� +
∑

1 ≤ i < j < r ≤ 30
i, , j, r 6= k, k + 1

aiajar

= akak+1 · A + (ak + ak+1)B + C

(2) Þ (1) �Ý5°3Ï k + 1 à3K×ÍF, � k à¦�×ÍF

M = (ak + 1)(ak+1 − 1)A + [(ak + 1) + (ak+1 − 1)]B + C

f´ M, N ÿ M > N , 9ß�Ý, ubÞàFóøÄ 2 JXÿÝ

ë��Àóº�K

Íg�ß�, Ç¸bFó-
 2 Ýà, 9Ë- 2 Ý ”àE” t9
×

E, )QàDß°' am − am−1 = 2, ak+1 − ak = 2, (k + 1 < m− 1)

5½|ËË]P�Õ

(3) bËàEÝ-
 2 Ý��:

N ′ =
∑

1≤i<j<r≤30

aiajar

= akam ·
∑

1 ≤ i ≤ 30
i 6= k, m

ai + (ak + am) ·
∑

1 ≤ i < j ≤ 30
i, j 6= k, m

aiaj

� +
∑

1 ≤ i < j < r ≤ 30
i, , j, r 6= k, m

aiajar

= akam · A′ + [(ak + 1) + (am − 1)] ·B′ + C ′

(4) 3Ï (3) �Ï m à3K×ÍF, � k à¦�×ÍF

M ′ = (ak + 1)(am − 1)A′ + [(ak + 1) + (am − 1)]B′ + C ′

f´ N ′ C M ′ ÿ M ′ > N ′, �æÞ��O�)
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|îÝ¡F, ß�Ý4QÞê1ÍàÝFóê��!, ¬�¾Õë�

�ÝFót9, ×ÍÄ�Ý5°
, &àÝÍó÷#�÷?, �9Í�

¡&Æ�|á¼Þ 2001 ÍF5
 30 à, ºbì�ÝËË���×:

(a) NàÝFó�!

Ç' a1 = a, a2 = a + 1, a3 = a + 2, . . . , a30 = a + 29

�uAh, J 2001 = a + a + 1 + a + 2 + · · ·+ a + 29 = 30a + 435

9Î���Ý, .
�r�\
 5 Ý¹ó�¼\�
 5 Ý¹ó,

X|5à]°
:

(b) a, a + 1, a + 2, . . . , a + k, a + k + 2, a + k + 3, . . . , a + 30

⇒ 2001 = 30a + 30
2
· 31− (k + 1)

⇒ 2001 = 30a + 465− (k + 1) ÿ a = 52, k = 22

∴5°
 52, 53, 54, 55, . . . , 74, 76, 77, 78, . . . , 82

15.� ' f : N → N ��

f(1) = 1

f(2n + 1) = f(2n) + 1

f(2n) = 3f(n)

O f(n) ÝÂ½?

�� �®×°��, 0�

f(1) = 1, f(2) = 3f(1) = 3, f(3) = f(2 · 1 + 1) = 3 + 1 = 4,

f(4) = f(2 · 2) = 3 · f(2) = 9, f(5) = f(2 · 2 + 1) = 9 + 1 = 10,

f(6) = f(2 · 3) = 3 · f(3) = 12, f(7) = f(2 · 3 + 1) = 12 + 1 = 13,

f(8) = 27, f(9) = 28, f(10) = 30

s¨ó� {1, 3, 4, 9, 10, 12, 13, 27, 28, 30, . . .}
����= {30, 31, 31 +1, 32, 32 +1, 32 +31, 32 +31 +30, 33, 33 +30, 33 +

31, · · · }
�' n Ý 2 
��î°


n = (akak−1 · · · a1a0)2
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J f(n) = (akak−1 · · · a1a0)3

àhû°ß�:

n = 1 ` f(1) = 1 = (1)3 �'Wñ

' n < k ` �'Wñ, n ≥ 2 E n = k `, �5
��D¡

u n 
�ó`:

�k = (apap−1 · · · a11)2 k − 1 = (apap−1 · · · a10)2

�f(k) = f(k − 1) + 1 = (apap−1 · · · a10)3 + 1

�= (apap−1 · · · a11)3 úÞWñ

u n 
�ó`:

�k = (apap−1 · · · a10)2 ⇒ k
2

= (apap−1 · · · a1)2

�f(k) = 3f(k
2
) = 3(apap−1 · · · a1)3 = (apap−1 · · · a10)3

�úÞWñ,

91�ÝP¡ k 
��, �'Wñ

16.� ' f : N → N u. f 2(n) = f(f(n)), · · · , fm(n) = fm−1(f(n))

�á: fp(n) = n + k, p, k
Øü��Qó, E�� n ∈ N Wñ�

Oß: f D3Ý��f�
 p|k

J� (⇐) u p|k ⇒ D3 s ∈ N , ¸ÿ k = ps

�Êu f(n) = n + s ⇒ f(n) �� fp(n) = n + ps = n + k 91

�Ýb9øÝ f D3

(⇒) ' f(n) D3, � A1 = N − f(N)

∵f p(n) = n + k ⇒ |A1| Îb§Â
�� A2 = N − f 2(N) = A1

⋃
f(A1)

�� A3 = N − f 3(N) = A1

⋃
f(A1)

⋃
f 2(A2), · · ·

�� Ap = N − f p(N) = A1

⋃
f(A1)

⋃
f 2(A2)

⋃ · · ·⋃ fp−1(A1)

�pÿÕ f i(A1)
⋂

f j(A1) = φ, u i 6= j

v |f i(A1)| = A1

⇒ |Ap| = k, |Ap| = |A1|+ |f(A1)|+ · · ·+ |f (p−1)(A1)| = p|A1|
⇒ p|k
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17.� /) B ã n Í-ôàW, B �t9b9KÍë-�/, Í��ËÍ�

/Kªb×Í2�-?

�� ¨bu�Íë-�/, �Ë�/Ýø/ªb×-, �5
ì�ëËÏ

µ:

(1) B �ÝN×Í-ôí�¨3ª?ËÍë-�/�,

' {a, b, c} 
Í�Ý×Íë-�/, JÍ�Ý�¢ë-�/í�

{a, b, c} Ýø/&è, v9°� {a, b, c} b&èø/ÝGb×Í
�/b a, ×Í�/b b, ×Í�/b c, .h, �/t9ÝóC


1 + 3× 1 = 4 Í�

(2) B �ÝØ×Í-�¨3 3Íë-�/�, Íõ-�¨3c9 3Í

ë-�/,

' {a, b, c}
Í�Ý×Íë-�/, vbëÍë-�/�b a, J

¨bcËÍë-�/�b b, ù¨bc9ËÍë-�/�b c,

.h�9b 3 + 2 + 2 = 7 ÍXOÝë-�/, h` n ≥ 7

(3) B �Ø-ô a 3�K°Íë-�/�, J9°Í�/ÝÍ�Ë

-, ËË�!, Í�Ý 3 -�/�NÍôKTb a (A�b×Í

ë-�/ A ^b a, J A ��G�Ý°Í�/Kb2�-ô, �

0l |A| ≥ 4, 9Îë;)

yh��ì, c9b [n−1
2

] Íë-�/, h` n ≥ 9

' an
XOt9ë-�/ÝÍó,|� a1 = a0 = 0, a3 = a4 = 1, a5 = 2

n = 6 `, �î«á: c9b 4 Íë-�/,

' B = {a, , b, c, d, e, f}
Jãë-�//
 {{a, b, c}, {c, d, e}, {, e, f, a}, {b, d, f}}
⇒ a6 = 4

n ∈ {7, 8, 9, 10, . . . , 16} `, J (3) Ý��b���¨

)y!�Ýë-�/Íó�9
 [16−1
2

] = 7 Í, ��¨ (1),(2) Ý��
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`, ë-�/ÝÍóô�9
 7 Í, ¨3��×Í@j)!�vë-

�/b 7 ÍÝ»�:

B = {a, b, c, d, e, f, g}, Íë-�//

{{a, b, c}, {c, d, e}, {, e, f, a}, {b, d, f}, {a, g, d}, {b, g, e}, {c, g, f}}
⇒ a7 = a8 = a9 = a10 = · · · = a16 = 7

	 n ≥ 17 `, � (1) (2) (3) á: an ≤ [n−1
2

]

3 B �ã×Í-
Xb�/Ý2�-, vÞÍ��/ËËgW×E,

�G�Ý2�-àWë-�/, À�|®W)!�Ýë-�//, �

9Íë-�//ÝÍó
 [n−1
2

] Æ an = [n−1
2

]

18.� Þ/) C 5v
ËË�8øÝ&è�/H A1, A2, . . . , An, �|¨×Ë

�!Ý5v, �5
ËË�8øÝ&è�/H, B1, B2, . . . , Bn n ≥ 2.

�á: ∀i, j, 1 ≤ i, j ≤ n, |Ai

⋃
Bj| ≥ n

ß� |C| ≥ n2

2
ê® |C| ÎÍ���y n2

2
?

J� (1) ' k = min{|A1|, |A2|, . . . , |An|, |B1|, |B2|, . . . , |Bn|, }
�÷' k = |A1|
∵∀i 6= j, Bi

⋂
Bj = φ ⇒ B1, B2, ·, Bn ��� A1

⋂
Bi 6= φ Ý Bi

�9b k Í, �÷' B1, B2, · · · , Bm 3 A1

⋂
Bj 6= φ m ≤ k, 1 ≤

j ≤ m

(2) ∵ |Bj| ≥ k, ∀k = 1, 2, . . . , n, v Bi

⋂
Bj = φ, i 6= j,

⇒ |⋃m
i=1 Bi| ≥ mk

(3) �Ê Bm+1, Bm+2, . . . , Bn

	 j = m + 1,m + 2, . . . , n `,

A1

⋂
Bj = φ ⇒ |Bj| ≥ n− k (∵ |A1

⋃
Bj| ≥ n, |A1| = k)

⇒ |C| = |(⋃m
i=1 Bi)

⋃
(
⋃n

j=m+1 Bj)| ≥ mk + (n− k)(n−m)

u k ≥ n
2
J ∀i = 1, . . . , n |Ai| ≥ n

2

⇒ |C| ≥ n · n
2

= n2

2

u k < n
2
,
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J|C| ≥ mk + (n− k)(n−m) = n(n− k)−m(n− 2k)

≥ n(n− k)− k(n− 2k) (∵n > 2k, m ≤ k)

= n2 − 2nk + 2k2

=
n2

2
+

n2

2
− 2nk + 2k2

=
n2

2
+

1

2
(n2 − 4nk + 4k2)

=
n2

2
+

1

2
(n− 2k)2

≥ n2

2
X| |C| ≥ n2

2

|z| = n2

2
���Wñ, 1�Aì:

�' |C| = n2

2

J n 
�ó, � n = 2`

�ÊëË��:

��× bØÍ |Ai| ≤ `− 1

.ÄbØÍ |Bj| ≤ k (∵ |B1|+ · · ·+ |B2`| = |C| = 2`2)

Æ |Ai

⋃
Bj| ≤ |Ai|+ |Bj| ≤ 2`− 1 = n− 1,

h��'ë;

��Þ bØÍ |Bi| ≤ `− 1

D¡��µ×8!

�µë N×Í |Ai| ≥ `,N×Í |Bi| ≥ `,

JN×Í |Ai| = `, N×Í |Bi| = `,

¬.bØÍ Ai �ØÍ Bj ø/�è

Æ|Ai

⋃
Bj| = |Ai|+ |Bj| − |Ai

⋂
Bj|

≤ |Ai|+ |Bj| − 1

= 2`− 1

= n− 1
h��'ë;
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