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Function Equation Problems

1)

2)

3)

5)

6)

7)

Find all functions f: N — N such that:
f(2010f(n) + 1389) = 1 + 1389 + -+ + 13892°10 + n (vn € N).
(Proposed by Mohammad Jafari)
Find all functions f: R — R such that for all real numbers x, y:
fe+y)=f0).f(y) +xy
(Proposed by Mohammad Jafari)
Find all functions f: R — {1} — R such that:
fGy) =fOf(Y) +xy (Vx,y € R—{1})
(Proposed by Mohammad Jafari)
Find all functions f: Z — Z such that:
fG) =2f(f () (Vx € Z)
(Proposed by Mohammad Jafari)

Find all functions f, g: Z — Z such that:

f(x) =3f(g(x) (Vx € Z)
(Proposed by Mohammad Jafari)

Find all functions f:Z — Z such that:

7f(x) = 3f(f(x))+2x (Vx € Z)
(Proposed by Mohammad Jafari)

Find all functions f: Q = Q such that:

flx+y+flx+y)=2f(x)+2f¥) (Vx,y € Q)

(Proposed by Mohammad Jafari)



8) For all functions f: R = R such that:

fO+f)+y)=x+f(x)+2f(y)

Prove that f(x) is a bijective function.

9) Find all functions f: R — R such that:

fle+ £ +2y) =x+ f(f(0) +2f )

10) Find all functions f: R — R such that:

fx+fx)+2y)=x+f(x)+2f ()

11) Forall f: R — Rsuch that:

fl+ f(x) +2y) =x+ f(x) +2f(y)
Prove that f(0) = 0.

(Vx,y € R)

(Proposed by Mohammad Jafari)

(Vx,y €R)

(Proposed by Mohammad Jafari)

(Vx,y € R)

(Proposed by Mohammad Jafari)

(Vx,y € R)

(Proposed by Mohammad Jafari)

12) Find all functions f: R* — R* such that, for all real numbers x >y > 0:

Fe=3) = £~ F.1 (5)-y

13) Find all functions f: R = R such that:

Ffle+FO))) =x+FO)+ flx+)

14) Find all functions f: R*U{0} - R*U{0} such that:

(Proposed by Mohammad Jafari)

(Vx,y € R)

(Proposed by Mohammad Jafari)

fFEx+f) =2x+f(x+y)  (vx,y e R*U{0})

(Proposed by Mohammad Jafari)



15) Find all functions f: R = R such that:

f+fO)+2f) =x+f)+y+f») (vx,y € R)
(Proposed by Mohammad Jafari)

16) Find all functions f: R — R such that:

fx+2fM)=x+f@+y+f() (Vxy€R)
(Proposed by Mohammad Jafari)

17) Find all functions f: R — R such that:

fUF@+2f@) =fO) +y+f0) (¥xy€R)
(Proposed by Mohammad Jafari)

18) Find all functions f: R — R such that:

i) D) =f@*+f0)  (Yxy€ER)
ii) f)+f(=x) =0 (vx € R)
iii) The number of the elements of the set { x | f(x) = 0,x € R }is finite.
(Proposed by Mohammad Jafari)

19) For all injective functions f: R = R such that:
f(x +f(x)) =2x (Vx €R)
Prove that f(x) + x is bijective.

(Proposed by Mohammad Jafari)

20) Find all functions f: R — R such that:

fx+f)+2f) =2x+y+f») (vx,y € R)

(Proposed by Mohammad Jafari)

21) For all functions f, g, h: R = R such that f is injective and h is bijective satisfying f(g(x)) =
h(x) (Vx € R) , prove that g(x) is bijective function.

(Proposed by Mohammad Jafari)



22) Find all functions f: R — R such that:

fQRx+2f(y) =x+f(x)+2y (vx,y € R)
(Proposed by Mohammad Jafari)

23) Find all functions f: R* U {0} > R* such that:

f(x+);(x) + y) =f)+y (Vx,y e R*U{0})

(Proposed by Mohammad Jafari)
24) Find all functions f: R* U {0} » R* U {0} such that:

FEER4 ) = fw+y  (vmyeRT U

(Proposed by Mohammad Jafari)
25) For all functions f: R* U {0} - R such that:
i) f+y)=f)+f@)  (vxyeR"U{0})

ii) The number of the elements of the set {x | f(x) =0,x e R U {0}} is finite.
Prove that f is injective function.

(Proposed by Mohammad Jafari)

26) Find all functions f: R* U {0} - R such that:

i) fe+f)+2y) =f@0)+2f() (¥x,y €RT U0}
ii) The number of the elements of the set {x | f(x) =0,xeR* U {0}} is finite.

(Proposed by Mohammad Jafari)

27) Find all functions f: R = Rsuch that:

i) fG)+y)=x+f) (Vx,y € R)
i) Vx € R";3y € R*such that f(y) = x

(Proposed by Mohammad Jafari)



28) Find all functions f: R{0} — R such that:

i) fE+y)=x+f@») (Vx,y€ER)

ii) The set {x | f(x) = —x,x € R} has a finite number of elements.
(Proposed by Mohammad Jafari)

29) Find all functions f: R = R such that:

FEU@)+fM+2) =x+f)+f(f@) (Yxyz€ER)
(Proposed by Mohammad Jafari)

30) Find all functions f: R — R such that:

FELD 4y 4 f@D) =2 = f +f D) +2f(@)  (vxyz€R)
(Proposed by Mohammad Jafari)
31) Find all functions f: R* U {0} - R* U {0} such that:
F(ED 4y 4 £@2)) = 20— F) + F0) +2f(@) (a7, € R¥U(O)

(Proposed by Mohammad Jafari)

32) (IRAN TST 2010) Find all non-decreasing functions f: Rt U {0} - R* U {0} such that:

f (—x“;(x) + y) =2x—f)+f(f) (vx,y € RTU{0})

(Proposed by Mohammad Jafari)

33) Find all functions f: R* U {0} » R* U {0} such that:

flx+f)+2y) =2x+f2f(y)) (¥vx,y € R* U{0})
(Proposed by Mohammad Jafari)

34) Find all functions f: Q — Q such that:

fle+fx)+2y) =2x+2f(f(y)) (vx,y€Q)

(Proposed by Mohammad Jafari)



35) Find all functions f: R* U {0} - R* U {0} such that:

f (_“12“(") +y+ f(Zz)) =2x—f)+FFON+2f(z)  (Vxy,ze R U{0})

(Proposed by Mohammad Jafari)

36) Find all functions f: R = R such that:

flx=f) =fO)*=2xf) + f(x) (vx,y € R)
(Proposed by Mohammad Jafari)

37) Find all functions f: R = R such that:

c=F+f) =&+ -f») (¥x,y€R)

(Proposed by Mohammad Jafari)

38) Find all functions f: R = R such that:

fe=Nk+y)=@x-»UE)+ ) (Vx,y € R)
(Proposed by Mohammad Jafari)
39) Find all functions f: R — R such that:
fa=yE+y=fx+nkx-y) (Vx,y €R)
(Proposed by Mohammad Jafari)

40) Find all non-decreasing functions f, g: R* U {0} - R* U {0} such that:

g(x) = 2x — f(x)
prove that f and g are continues functions.
(Proposed by Mohammad Jafari)
41) Find all functions f: {x | x € Q,x > 1} > Q such that:

2
FOO2. f(x2)?2 +f(2x).f<x7> —1  vre{xlx€eQx>1}

(Proposed by Mohammad Jafari)



42) (IRAN TST 2011) Find all bijective functions f: R — R such that:

flc+ fO) +2f () = f(22) + £(29) (vx,y €R)
(Proposed by Mohammad Jafari)

43) Find all functions f: R* — R* such that:

fa+f+y)=f2)+f») (vx,y € R")
(Proposed by Mohammad Jafari)

44) Find all functions f: RT U {0} - R* U {0} such that:

flr+f+2fM)=2fM)+y+f0)  (Vxy€eR U0}
(Proposed by Mohammad Jafari)

45) Find all functions f: RT U {0} - R* U {0} such that:
) fatf@+f@))=2f@+y+f0)  (vry R U0}
ii) f(0)=0

(Proposed by Mohammad Jafari)

46) Find all functions f: R* —» R* such that:
fa+y"+fN=fx (Vx,yeR", neN,n>2)

(Proposed by Mohammad Jafari)

47) Find all functions f: N — N such that:

f(n—1)+ f(n+1) < 2f(n) (vneN,n>2)
(Proposed by Mohammad Jafari)
48) Find all functions f:{A | A € Q,A = 1} — Q such that:

8
FOey?) = Fld). £(y) + L8

f2y)

(Proposed by Mohammad Jafari)



Inequality Problems:

49) For all positive real numbers x, y, z such that x + y + z = 2 prove that :
x y

+ + <1
x*+y+z+1 y*4+z+x+1 zt+x+y+1

(Proposed by Mohammad Jafari)

50) For all positive real numbers a, b, ¢ such that a + b + ¢ = 6 prove that :

A

n a 3
,NEN,Nn=3
Z (a+b)(a+c) ™ %abc

(Proposed by Mohammad Jafari)

51) For all real numbers a, b, ¢ € (2,4) prove that:
2 2 2 3

+ + <
a+b2+c3 b+c2+a® c+a?2+b3 a+b+c

(Proposed by Mohammad Jafari)

52) For all positive real numbers a, b, c prove that:
a b c 4

+ + <z
a*+a?+1 b*+bh%2+1 c*+c2+1 3

(Proposed by Mohammad Jafari)

s+
+b+c  Va?+b2%+c?2  ab+bc+ac

ab+bc+ca<a+b+c

53) For all real positive numbers a, b, ¢ such thatl + " prove that:

(Proposed by Mohammad Jafari)

54) For all real numbers a, b,c suchthata>=b >0>=canda + b + ¢ < 0 prove that:
a® + b3+ c3 + ab? + bc? + ca® < 2a®b + 2b%*c + 2c%a

(Proposed by Mohammad Jafari)

55) For all real numbers 0 < x; < x; < ++* < Xq390 < % prove that :

sin3x; + cos3x,+..+5in3x,3g9 + €083x1390 < 695

(Proposed by Mohammad Jafari)

10



g) (i=1,2,..,n) prove that:

n n

> 1n{z sinda;. cos al+1,25m @4q.c083a;} (ape1 = aq)
=1 i=1

56) Forall a; € (
n
2

(Proposed by Mohammad Jafari)

57) For all real numbers a, b, ¢ € [2,3] prove that:
1 1 1 1

> _
ab(2a — b) + bc(2b — ¢) T ca(2c—a) — 9

(Proposed by Mohammad Jafari)

58) For all real numbers a, b, ¢ € [1,2] prove that:
2 N 2 N 2 <3
ab(3a—b) bc(3b—c) ca(3c—a)

(Proposed by Mohammad Jafari)

59) For all real positive numbers a, b, ¢ prove that:
a b c 3

<_
3a+b+c+3b+c+a+3c+a+b_5

(Proposed by Mohammad Jafari)

60) For all positive real numbers such that abc = 1 prove that:
a b c

3
+ + > —
Vb2 +3 Vc2+3 Va2+3 2

(Proposed by Mohammad Jafari)

61) For all positive real numbers a, b, c such thata + b + ¢ = 1 prove that:
ac ba cb bc ca ab

1
2 2 <
(\/a+b+\/b+c+\/c+a) +(\/a+b+\/c+b+\/c+a) S3

(Proposed by Mohammad Jafari)

62) For all positive real numbers a, b, c such thata + b + ¢ = 1 prove that:
1 1 1 1

+ + <
Vva+b Vb+c¢ +c+a abc

(Proposed by Mohammad Jafari)

11



63) For all positive real numbers a, b, ¢ such that ab + bc + ca = 2 prove that:
1 1 1 1

+ + <
Vva+b Vb+c¢c +c+a abc

(Proposed by Mohammad Jafari)

64) For all positive real numbers a, b, c such that a + b + ¢ = 3prove that:
1 1

+ + <1
a+b+c? b+c+a? c+a+ b?

(Proposed by Mohammad Jafari)
65) For all positive real numbers a, b, c prove that:
a*+a’*+1 b*+b%*+1 c*+c?+1 3 3 3
———+ + < + +
a®+a3+1 bo+b3+1 c®+c3+17  a?2+a+1 b2+b+1 c?+c+1

(Proposed by Mohammad Jafari)
66) For all positive real numbers a, b, ¢ prove that:
a4+a2+1+b4+b2+1+c4+cz+1<
a®+a*+1 bo+b3+1 c®+c3+17

(Proposed by Mohammad Jafari)
67) For all positive real numbers a, b, ¢ prove that:
1+b%2+c* 1+4+c?+a* 1+a?+b*
+ + =3
a+b?+c® b+c2+a® c+a*?+b3

(Proposed by Mohammad Jafari)

68) For all real numbers a, b, ¢ € (1,2) prove that:
4 1 1 1

> + +
a+b+c 1+a+b? 1+b+c? 1+c+a?

(Proposed by Mohammad Jafari)

69) For all positive real numbers x,y,z suchthat x + y + z + % + % + i = 10 prove that:
(x2+1)?2 (y*+1)? (z?2+1)?
+ +
4x 4y 4z

>2x+y+z

(Proposed by Mohammad Jafari)

12



70) For all positive real numbers x,y,z suchthatx + y + z + % + % + i = 10 prove that:

4/x+y+z=>2x+y+z+3
(Proposed by Mohammad Jafari)

71) For all positive real numbers a, b, c prove that:

a? a 9
(Z b+ c)(z (b + c)z) = 8

(Proposed by Mohammad Jafari)

72) For all positive real numbers a, b, c prove that:

S E =)

(Proposed by Mohammad Jafari)

73) For all positive real numbers a, b, c prove that:

1 a a a?
(Z a? + bz)(b2 + cz) = (Z b? + cz)(Z b? + cz)

(Proposed by Mohammad Jafari)

74) For all positive numbers a, b, ¢ prove that :

20 = ab) = (Y @ () ab)

(Proposed by Mohammad Jafari)

75)Forallx; €N (i =1,2,...,n) such that x; # Xj ,prove that:

1 2 n <n(n+3)
EZRR TN R VRN
12 12 22 12 n2

(Proposed by Mohammad Jafari)
76)Foralln € N (n > 3) prove that :
n—1

1 1 1
A (Coe SO () LR COLP, PP e

(Proposed by Mohammad Jafari)

13



77) For all positive real numbers a, b, ¢ such thata + b + ¢ = 1 prove that:

1
> >3
(a+2b)(b+ 2¢c)
(Proposed by Mohammad Jafari)

78) For all positive real numbers a, b, csuch that a + b + ¢ = 2 prove that:

Z ! <1
(@®+b+1)(A+b+c3)

(Proposed by Mohammad Jafari)

79) For all positive real numbers a, b, ¢ such that Va + Vb + Ve = % + % + % prove that:
a b c 1
) ) } S .
1+b2"1+c2'1+4+a? 2

min{

(Proposed by Mohammad Jafari)

80) For all positive real numbers a, b, ¢ such that aim + bim + Cim

that:

= 3a"b"c™ (m,n € N) prove

_ ak bk ck <1 rleN
min 1+bV1+c’1+al) ™ 2 (k, )

(Proposed by Mohammad Jafari)

81) For all positive real numbers x, y prove that:
n

Z X >x+y+z
xn—l +xn—2y + ..._|_yn—1 - n

(neN)

(Proposed by Mohammad Jafari)

82) For all positive real numbers x, y, z prove that:

x2" x+y+z

>
D e S WS T R

(Proposed by Mohammad Jafari)

- 1
83) For all positive real numbers x, y, z such that . X+ = S prove that:

244 y244  z244
X y z
+ + <24
x+6 y+6 z+6

(Proposed by Mohammad Jafari)

14



84) Find minimum real number k such that for all real numbers a, b, c :

ZJz(aZ+1)(b2+1)+kzzza+zab

(Proposed by Mohammad Jafari)

85) (IRAN TST 2011) Find minimum real number k such that for all real numbers a, b, c,d :
Z\/(az + D)2+ 1)(c?+1)+k=2(ab + bc + cd +da+ ac + bd)

(Proposed by Dr.Amir Jafari and Mohammad Jafari)

86) For all positive real numbers a, b, c prove that:
ab a+ b)? + c? ab
Sab N (a+b)?+c? 3

1
+Za2_ 2a? + 2b% +c%? ~ Y.a?

(Proposed by Mohammad Jafari)

87) For all real numbers 1 < a, b, c prove that:
(a+b)*+c z
— < a
2a+2b+c

(Proposed by Mohammad Jafari)

15



Polynomial Problems:

88) Find all polynomials p(x) and g(x) with real coefficients such that:
2010

z [p(x —D).p(x—i—1).(x—i—3)] = q(x).q(x —2010) (Vx € R)

i=0
(Proposed by Mohammad Jafari)

89) Find all polynomials p(x) and g(x) such that:

) p(a) =q(p®) (Vx € R)
ii) p(x) = —x,q(x) < —x (Vx € R)

(Proposed by Mohammad Jafari)

90) Find all polynomials p(x) and g(x) such that:
i) VxeR : p(x)>qx)
ii) VxER : px).qx—1)=pkx—1).qx)

(Proposed by Mohammad Jafari)

91) Find all polynomials p(x) and g(x) such that:
p2(x) + q*(x) = Bx —x%).p(x).q(x)  Vx € (0,V3)

(Proposed by Mohammad Jafari)

92) The polynomial p(x) is preserved with real and positive coefficients. If the sum of its
coefficient's inverse equals 1, prove that :

p(D.p() 2 () Vaiy?
i=0

(Proposed by Mohammad Jafari)

93) The polynomial p(x) is preserved with real and positive coefficients and with degrees of n.
If the sum of its coefficient's inverse equals 1 prove that :

Jp(4) +1 =2t

(Proposed by Mohammad Jafari)

94) The polynomial p(x) is increasing and the polynomial q(x)is decreasing such that:

2p(q(x)) =p(p(x)) +q(x) Vx€eR
Show that there is x, € R such that:

p(x0) = q(x0) = xo

16



(Proposed by Mohammad Jafari)

95) Find all polynomials p(x) such that for the increasing function f: R* U {0} » R*

2p(f(0) = f(p()) + f(x),p(0) = 0

(Proposed by Mohammad Jafari)

96) Find all polynomials p(x) such that, for all non zero real numbers x,y,z that §+ % =

i we have:
1 1 1
+ =
p(x) p(®») p(2)

(Proposed by Mohammad Jafari)

97) p(x) is an even polynomial (p(x) = p(—x)) such that p(0) # 0 .If we can write p(x) as a
multiplication of two polynomials with nonnegative coefficients, prove that those two
polynomials would be even too.

(Proposed by Mohammad Jafari)

98) Find all polynomials p(x) such that:
p(x+2)(x—2)+plx —2)(x + 2) = 2xp(x) (Vx e R)

(Proposed by Mohammad Jafari)

99) If for polynomials p(x) and q(x) that all their roots are real:

sign(p(x)) = sign(q(x))
Prove that there is polynomial H(x) such thatp(x)q(x) = H(x)?.

(Proposed by Mohammad Jafari)

100)  For polynomials p(x) and q(x) : [p(x? + 1)] = [q(x? + 1)]
Prove that: P(x) = q(x).

(Proposed by Mohammad Jafari)

101) For polynomials P(x) and q(x) with the degree of more than the degree of the
polynomial [(x), we have :

[p(x)l = [q(x)l (Vx €{x|l(x)#0,xeR"})

L(x) L(x)
Prove that: p(x) = q(x).

(Proposed by Mohammad Jafari)

17



102) The plain and desert which compete for breathing play the following game :
The desert choses 3 arbitrary numbers and the plain choses them as he wants as the
coefficients of the polynomial ((...x% + -+ x + --+)).If the two roots of this polynomial are
irrational, then the desert would be the winner, else the plain is the winner. Which one has
the win strategy?

(Proposed by Mohammad Jafari)

103) The two polynomials p(x) and g(x) have an amount in the interval [n — 1,n] (n € N)
forx € [0,1].If p is non-increasing such that:p(q(nx)) = nq(p(x)) ,prove that there is
Xo € [0,1] suchthat q(p(xy) = xq.

(Proposed by Mohammad Jafari)

18



Other Problems

104) Solve the following system in real numbers :

a’>+ b? =2c
1+ a? = 2ac
c’=ab

(Proposed by Mohammad Jafari)

105) Solve the following system in real numbers :
2

(b_ c
a 142
a?
{bhc=—
¢ 1+ a?

b2
SEE

(Proposed by Mohammad Jafari)

106) Solve the following system in positive real numbers : (m,n € N)
{(2 +a™)(2+b™)=9
2+a™2-b") =3

(Proposed by Mohammad Jafari)

107) Solve the following system in real numbers :
xy?=y*—y+1
yz? =z*—z+1
zx?=x*—x+1

(Proposed by Mohammad Jafari)

108) Solve the following system in real numbers :
xy=vy°+y*+y2+1
yz3 =z +z*+ 272 +1
zx> =x+x*+x2+1

(Proposed by Mohammad Jafari)

19



109) Solve the following system in real numbers :
x2.sin?y + x% = siny.sinz
y2.sin?z + y? = sinz. sinx
z2.sin’x + z% = sinx.siny

(Proposed by Mohammad Jafari)

110) Solve the following system in real numbers :

81
(a>+1).(b%2+1).(c*?+1) =—
8
81 3
(a*+a?+1).(b*+b*>+1).(c*+c?+1) = g(abc)f

(Proposed by Mohammad Jafari)

111) Solve the following system in real numbers :
a’?+ bc = b%? + ca
b% + ca =c?+ab
c?+ab=a®+bc

(Proposed by Mohammad Jafari)

112) Solve the following system in positive real numbers :

((a+%)<b+%)=2(c+%)

(b +%)<c+%>=2(a+2)

k(c-}-%)(a-}-é):Z(b-i-%)

(Proposed by Mohammad Jafari)

N

113) Solve the following equation for x € (0, g):

%ﬂ/sinx + Vtanx = % + +/cotx + +/cosx

(Proposed by Mohammad Jafari)

114) Find all functions f, g: R* - R* in the following system :
{ F)+y-D@O) +x-1) = (x +y)? Vx,y,z €RY
)+ +0)=+y+DE—-—x-1) Vx,y,z € R"

(Proposed by Mohammad Jafari)
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115) Solve the following system in real positive numbers :
—a*+a®+a’?=b+c+d
—b*+b3+b =c+d+a
—c*+cF+ct=d+a+b
—d*+d®*+d*=a+b+c

(Proposed by Mohammad Jafari)

116) Solve the following equation in real numbers :
xy yz zZx

2xy+zz+2yz+x2+22x+y2=

1

(Proposed by Mohammad Jafari)
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