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1 Definitions

N is the set of positive integers.

N U {0} = N* is the set of non-negative integers.

7 is the set of integers.

@Q is the set of rational numbers.
e R* is the set of positive real numbers.

R is the set of real numbers.

If a function f is defined on the set A to the set B, we write f : A — B
and read “f is a function from the set A to the set B.”



2 Problems

1. Find all surjective functions f : N — N such that f(n) > n+(—1)",¥n € N.

2. Find all functions g : R — R such that for any real numbers z and y

g(x +y) +g(x)g(y) = glzy) + g(x) + g(y).

3. Find all real valued functions defined on the reals such that for every real
Yy

fa? —y*) = af(x) —yf(y).
4. Find all real valued functions defined on the reals such that for every real
x,y:

flaf(@)+ f(y) = f()? +y.

5. Find all functions f: N — N such that f(f(n)) + (f(n))? = n? +3n + 3 for
all positive integers n.

6. Let n be a positive integer. Find all strictly increasing functions f : N* — N*
such that the equation
f(x)

kn
has an integral solution x for all £ € N.

=k—=x

7. Find all functions f : R™ — RT such that

vty 2f(@)f)
2 f@)+ f(y)

8. Find all functions f : R — R such that
fA—z)=1-f(f(x)) VzeR
9. Find all functions f : Rt — R* such that
FA+afy) =yflx+y) Vo,yeR’
10. Find all functions f : Rt — R¥ such that
flefy)=fle+y)  Vo,yeR
11. Find all functions f : R — R such that
f(f(@)+y) = fa® —y) +4yf(z)  Vo,yeR.

12. Find all functions f,g,h : R — R such that

f( Vz,y € RT.

flx+y)+g(x—y)=2h(z)+2h(y) Vz,y €R.



13. Find all functions f : R — R such that
flety+z)=f@) fA-y)+fly) - fA-2)+f(z) fl-z) Vr,y,zeR
14. Find all functions f : R — R such that
Ff@) = fy) = (@ —-y)?fla+y) VoyeR

15. Find all functions f,g: R — R such that

o If x <y, then f(z) < f(y);

e for all z,y € R, we have f(zy) = g(y)f(x) + f(y).
16. Find all functions f : R — R such that

fle+2)(y+2) = @)+ FE)F) +f(z)  Voy,zeR
17. Find all functions f : R — R that satisfy
f@® +y%) = 2 f(2) + yf(v°)
for all z,y € R.
18. Find all functions f: R — R that satisfy
fm+nf(m)) = f(m) +mf(n)

for all m and n.

19. Find all functions f : R — R such that f(z)f(y) = f(z + y) + xy for all
xz,y € R.

20. Find all functions f : NU{0} — NU{0} .Such that x-37®) divides f(z)-3¥
for all x,yN U {0}.

21. Find all continuous functions f : R — R such that

fla+y)flz—y) = (f@)fy)* VzyeR.
22. Find all functions f : R — R such that
(@+y)(f(@) - fy) =@ -y)fle+y) Vr,yeR
23. Find all functions f : R — R such that
F(f(@) +y) = fa® —y) +4f(x)y  Vz,yeR.
24. Find all the functions f : Z — R such that

Fm+n—mn) = f(m)+ f(n) = fmn)  ¥m.neZ



25. Find all functions f: (0,1) — (0,1) such that f(3) = % and

(F(ab))* = (af(b) + f(a)) (bf(a) + F(B))  Va,b€ (0,1).
26. Find all functions f : Q — Q such that
flty+f@)=az+f(@)+fly) Vz,yeQ
27. Find all functions f : R — R such that
f@+fy) =@ -y?fla+y) VoyeR

28. Find all functions f : R — R such that

o flat+y)=fl@)+fly) VryeR,

o f2)=2f(3) VzeR\{0}
29. Let a > % be a real number. Find all functions f : R — R such that

f(f(x)+a=2> VzeR.

30. Find all injective functions f : N — N which satisfy

n+f(n)

5 Vn € N.

f(f(n)) <
31. Find all continuous functions f(z), g(z), ¢(x) : R — R such that
F@®) + f(y?) = lalz) —aWg(z +y)  Vo,yeR.
32. Find all functions f : R — R so that
flx+y)+ fxr—y) =2f(z)cosy Vr,y € R.
33. Find all functions f : R — R such that
fla=fw) =f@)+z-fly)+f(fly) Y,y eR,
34. Find all functions f : RT — RT such that
f(f@) =6c—flx) VaeR*

35. Find all functions f : R — R such that

fa+y)+flay) +1=f@)+ fy) + flay+1)  VryeR
36. Find all functions f : R — R such that

f@fly-fz)—1)=2%f(y) - f(z) Vz,y€R.



37. Find all functions f : R — R such that
f@@+y’) = f@*) +y- fy*) VoyeR
38. Find all functions f : Q — R such that
[f(@) = fWl < (z—y)?  VryeQ
39. Find all functions f : R — R* such that
fl@+y) = f@*+y?) vz € R,
40. Find all functions f : R — R such that
2y (fle+y) - f@) = fy) =3z +y)f(@)fly)  Vr,yeR
41. Find all functions f : R — R such that
Ff @)+ fy) + f(2) = f(f(@) = fy) + [y + f(2)) + 2f (xz — y2)

for all reals z, y.

42. Find all functions f : N — N such that m?+ f(n)|(f(m))?+n for all positive
integers m, n.

43. Let n be a positive integer. Find all functions f : R — R such that
e+ ) =fl)+y"  Ve,yeR
44. Find all the functions f : N — N such that
3f(f(f(n) +2f(f(n)) + f(n)=6n  VneN.
45. Find all functions f : N* — N* satisfying
(42 (m) + £ () | (m? +n)’
for any two positive integers m and n.

46. Find all functions f : RT — RT such that

2xy ) = 2f(z) f(y) Vi, y € Rt

z+y  fl@)+fy)
47. Find all functions f : R — R such that

f(zy) = max{f(z),y} + min{f(y),z}  Va,yeR.
48. Find all functions f : R — R such that

o flz+ fly) =y+ fx) Vz,y € R, and

I




o The set A =% is finite.
49. Find all functions f: R — R such that
f(f@) + fy) + f(f(z) =2f(z) +y  VzyeR
50. Find all functions f : R — R such that
F@ (4D +f () (241) = 1-f(2)(@*+f (1)) —2((1+2)a”+2f () Va,y,2 €R.

51. Prove that there is no bijective function f : {1,2,3,...} — {0,1,2,3,...}
such that

f(mn) = f(m) + f(n) + 3f(m)f(n).
52. Find all functions f : R — R such that
fe=fw)=rW)+zfly)+ fl) -1  Vo,yeR.

53. Find all functions f : R — R such that

flaflz+y) = flyf(x) +2* VoyeR.

54. Find all functions f : R — R such that

f(fv)zf(x2+§+%) Vz € R.

55. Given 0 < p < 2, find all continuous functions f : R — R such that
f(f(@) =f(x)+pz VazeR.
56. Find all functions f : R — R such that

1 1

ferayf) = (10 +3) (fw+})  vewer

57. Find all functions f : R — R such that
fF@)+y)=fle+y) +afly) —sy—2z+1  VryeR
58. Find all functions f : R — R such that:
z(f(x)+ f(—x)+2)+2f(—z)=0  VxeR.

59. Find all non-decreasing functions f : RT U {0} — R U {0} such that for
each z,y € Rt U {0}

(e

L y) =20 10+ £70)



60. Find all functions f : R — R such that:

A+ f@)f)fx+y) = flx)+ fly)  Vr,yeR

61. For function f : R — R given that f(z?> + 2 +3) +2- f(22 — 32 +5) =
622 — 10z + 17. Calculate f(2009).

62. Find all the functions f : R — R such that

flz—f(y) =f(fly) +xf(y) + f(z) -1

for all z,y € R.
63. Find all functions f : R — R such that f(1) =1 and

f (f(fv)y + g) =ayf («® +y°)

for all real numbers z and y with y # 0.

64. Find all functions f, defined on the positive real numbers and taking real
numbers such that

flaty) fl@) [ flety)

f@) +fly) s =—— = v 2 oty

for all z, y > 0.
65. Find all functions f : R — R such that
ffly—2)=ffl@)—a> VeyeR
66. Find all functions f : R — R such that :
fla+ fly+1(2) =Fla)+ f(fw) + f(F(f(2)  Vz,y,zeR
67. Find all functions f : Rt — R satisfying the identity
_ r B 4 +
F@fw) =vf (5)+2°F(5) VoyeRr
Where «, 3 are given real numbers.
68. Find all functions f : R — R such that for all z, y € R, we have
fle+y) + f(0)f(y) = flay) + (y+ 1D f (@) + (2 + 1) f(y).
69. Find all functions f : R — R such that
fle+y)=2f(2)f(y) +3f(z) +3f(y) +3  Vo,yeR
70. Find all the continuous bounded functions f : R — R such that

(f(2))? = (fy)* = flz +y)f(z —y) for all 2,y € R.



71. Find all functions f : R — R such that f(z+y)+ f(z) f (v) =
2zy + 1 for all real numbers x and .

72. Find all functions f: R — R such that
f@?+y®) = f(f(@) + flxy) + f(f(y) Yo,y eR.
73. Find all functions f : RT — R¥ such that
(@ +y)f(fx)y) = 2*f(f(x) + f(y)) Yo,y eRF.
74. Find all functions f: R — R such that
fet+y’) =2y +1)f(@) VoyeR
75. Find all functions f : R — R such that
f@)f(y) < flay) and f(x) + f(y) < f(e+y)  Va,y R

76. Find all functions f : Q — R* such that

o f(x)>0 VzeQ, flx)=0 < z=0,

o flay) = f(z)- f(y),

o f(z+y) < max{f(z), f(y)}
77. Determine all function f : R — R satisfying

zf(y) — yf (@) = £(2)

for all ,y € R with z # 0.

78. Determine all functions f : N — N such that

1 _ f(()
Zf(’f)'f(kJrl) ~ flnt1)

k=1

n
Vn € N.
79. Find all functions f : N — N such that for all m,n € N,
2™ +1)f(n)f(2™n) =27 f(n)® + f(2™n)? + (2™ — 1)*n.
80. Find all functions f : R — R such that
fl@—=f)=f(fy) —22f(y)+ fx) VzyeR
81. Find all functions f : R — R such that

f(f@)—v?) = f@)? = 2f(x)y* + f(fly))  Va,y R,

[ (wy) +



82. Find all functions f : [0, 4+00) — [0, +00) such that:

fla+ flx) +2y) =22+ f(2f(y))  Va,y € [0,+00).
83. Find all functions f : R — R such that
F@®) + flay) = f(@) f(y) +yf(x) + 2 f(z +y)
for all z,y € R.
84. Find all functions f : Q — Q such that
fle+ f(z) +2y) =22 +2f(f(y) Vz,yeQ.
85. Find all functions f : R — R such that
o SO byt £(22) = 20— f(2)+ F(F(f))+2f(f())  Va,y.z €R,
o f(f(0)) = f(0).
86. Find all functions f : Rt — RT which satisfy the following conditions:
o flz+fy) = f(2)f(y) for all z,y > 0;

e there are at most finitely many x with f(z) = 1.
87. Find all functions f : NU {0} — NU {0} such that for all m,n € NU {0},
mf(n) +nf(m) = (m+n)f(m? +n?).
88. Find all functions f : (0,1) — R such that
flwyz) = af(x) +yf(y) + 2f(2)
for all real numbers z,y,z € (0,1).

89. Find all functions f : Z + Z satisfying the condition: f(z3 + y? + 23) =
F@?+ @)+ f(2)°.

90. Determine all real functions f(z) that are defined and continuous on the
interval (—1,1) and that satisfy the functional equation

@i

91. Find all functions f : R — R such that
f@™ +2f(y) = (f@)" +y+fly) Vo,yeR, nels.

92. Find all functions f : R — R such that

f@®+9?) = f@®) + fP) +2f (@) fly)  Vo,yeR
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93. Find all functions f : R — R such that
fla+y)fe—y) = (fl)+ [®)* —42°f(y)  Va,yeR.
94. Find all injective functions f : N — R such that
f(1) =2,f(2) =4, and f(f(m)+ f(n)) = f(f(m)) + f(n)  Vm,neN.

95. Find all functions f : Rt — R such that for any real numbers a, b, ¢, d > 0
satisfying abed = 1, we have

(f(a) + f(0))(f(e) + f(d)) = (a + b)(c+d).

96. Find all functions f : R — R such that
1 1
sy (s s () =141 () veser\(0)
97. Find all functions f : R — R such that
F(f(x) = ) = f(f(x)) =22 f(y) + f(y*)  Va,yeR.

98. Find all functions f : RT™ — R™ such that

flx+1)= f(x)+1and f (ﬁ) :é Vz,y € RT.

99. Find all functions f : R — R such that

fla+f@)f(y) = f(z) +2f(y) Vr,y €R.

100. Find all continuous functions f : R — R such that

f@)+ fly) = flz+y) =2y Vz,y € R.

11
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